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The proposed approaches to QPT require one to first perform Quantum State
Tomography (QST). Afterwards, the core of our QPT methods applies to a significant
number of qubits and thus to a high state space dimension and to complex
problems. Our methods first achieve part of QPT by performing an eigenanalysis

of the density matrix of a process output estimated with QST, by taking advantage
of the unitarity of the process. Our first resulting class of complete algorithms uses
only one such eigendecomposition and is thus "single-stage”. We then extend

our approach to algorithms that are "multiple-stage’, i.e. that perform several
eigendecompositions. This allows one to handle high-dimensional state spaces with
a reduced sensitivity to the estimation errors that result from the use of an arbitrary
QST algorithm as a preprocessing step of our QPT methods. Our multi-stage methods
first include two-stage versions and then dichotomic versions, with a number of
stages that increases with the considered state space dimension. Simulations were
successively performed with different magnitudes for QST errors / noise. They provide
evidence of the relevance of all proposed methods. Their single-stage and two-stage
versions are efficient up to 13 qubits when executed on a very simple platform: an
8-year old PC with only 16 GB of RAM. An even higher accuracy (Normalized Mean
Square Error down to 1073) is obtained with multi-stage methods.
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1 Introduction

Quantum process tomography (QPT) may be considered as the quantum counterpart of
classical system identification [1], that is, system parameter estimation. It was mainly
introduced in 1997 in [2] and then extended (together with quantum process learn-
ing) e.g. in [1, 3-27]. It has been applied both to unitary processes (corresponding to
isolated systems) and to non-unitary processes (corresponding to open systems). It is
a major quantum data processing tool, since it especially allows one to characterize the
actual behavior of quantum gates, that may be used as the building blocks of quantum
computers. This gate-based (or circuit-based) approach builds upon the unitary trans-
forms performed by quantum gates (see Chapter 4 of [1]). It is currently one of the most
prominent quantum computing paradigms and various commercial products based on
this paradigm are available. This e.g. includes IBM’s Qiskit environment (see [28—30] and
especially [31] for the use of reversible unitary gates), Amazon’s Braket tool (see [32]
especially for reversible transformations), and Mathworks’s software package (see [33]
e.g. for their statement “Quantum gates represent reversible operations that transform
the quantum state according to unitary matrices”) . Due to the importance of the above-
mentioned umnitary processes, various methods dedicated to such processes have been
proposed, for performing unitary quantum process estimation/learning (see e.g. [3, 13,
22-27]) and e.g. for the related topic of the inversion and transposition of unknown uni-
tary operations [34]. Besides, the recent review article [35] on “Challenges and opportu-
nities in quantum optimization” not only refers to the use of unitary processes, but also
comments about the quantum imaginary time evolution (QITE) approach by stating:
“because QITE is a non-unitary evolution, it is challenging to implement on a quantum
computer, and only heuristic variants of QITE exist at present. ” This indirectly shows
the importance of unitary operations in quantum computing.

QPT is a “data-driven” approach, and can thus be considered as a type of quantum
machine learning (QML) problem (see [36] for a taxonomy of QML problems), because
the input—output transform performed by the considered process is generally inferred
from the values of input quantum states and/or from measurement results for output
quantum states of that process. More precisely, usual QPT methods require one to fix
a priori and hence know the above input “values” (i.e. states) of the process and to use
information about the corresponding output “values” (i.e. states), that is derived from
measurements performed at the output of the considered process. This corresponds to
the supervised version of machine learning, also called the non-blind version of machine
learning [37]. In contrast, the other extreme case is the one which requires the most
limited knowledge about the process input whereas output measurements are still used,
and this corresponds to the unsupervised, or blind, QPT (BQPT) configuration [37].
BQPT methods were introduced in [38] and then especially developed in [37, 39, 40].
In that case, the individual input state values are completely unknown, that is, neither
fixed a priori nor estimated by means of measurements: in [38, 39], the input consists of
unknown unentangled deterministic-coefficients pure states (DCPS); in [37, 40], it con-
sists of random-coefficient pure states (RCPS) and the information available about these
RCPS is restricted to some of their global, i.e. statistical, properties. DCPS are the usual

LSee also [1] p. 398 for the other earliest references.
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form of pure states of quantum physics, whereas RCPS were introduced in [41] and then
discussed in various related papers, especially including [42].

Between the above two extreme cases, a recently introduced approach (see [22] and
references therein) was claimed to be semi-blind (i.e. semi-supervised), because it does
not require the values of the input quantum states to be fixed a priori, but it estimates
them, by also performing measurements at the input of the process for part of the avail-
able copies of these input states. This method thus allows one to use almost any values
for the input states, whereas various supervised QPT methods are more constraining
because they are only applicable to a specific, predefined, set of input values.

As detailed below, the different parts and variants of the QPT algorithms proposed
in the present paper cover all above three types of learning. Some of them require their
input states to be known, so that these states may be fixed a priori (supervised learning)
or estimated from measurements (semi-supervised learning). Other parts and variants
of our algorithms use input states whose values are not known, but that are required to
meet a given condition (unsupervised learning). Besides, part of the proposed algorithms
use “pure states” , where we employ the term “pure states” in the above-defined usual
sense, that is, DCPS. In contrast, other proposed algorithms use statistical mixtures.

Within the above framework, we focus on an original case which combines the fol-
lowing two features. First, the considered process is constrained to be unitary, which
corresponds to addressing a system that is isolated from its environment. Second, we are
mainly interested in the case when the process has a high dimension, because it involves
a significant number of qubits . This allows one to tackle more complex problems. We
stress that we do not set any other conditions on the considered process. In particular,
we allow (but do not request) the matrix that represents that process in the considered
basis to be a so-called dense, i.e. non-sparse, matrix (we here use the standard terminol-
ogy: a sparse matrix is a matrix that has a large percentage of zeros; see e.g. [43]). In con-
trast, some approaches from the literature for QPT and the related topic of Hamiltonian
estimation request sparsity (see e.g. [12, 44]) , but this was considered to be less relevant
than unitarity in [22] and we explained above when the unitarity assumption is relevant.

Concerning the “mathematical principles” of the proposed QPT methods, in this
paper we show that one of the key ingredients of our approach is the eigendecomposi-
tion of the (estimated) density matrix of a mixed output state of the considered process.
Before moving to technical details and a variety of required extensions of this idea in the
subsequent sections, this major idea can here be outlined as follows. The first output
density matrix of the considered process is here denoted as p2. As discussed in Sect. 2,
this density matrix reads

p2:Up1UT (1)

where U is the unitary matrix that represents the process to be estimated in the consid-
ered basis, .1 is the transconjugate (i.e. Hermitian transpose) and p; is the density matrix
of the first input mixed state that yields the output state ps. The idea is then that, when
the density matrix p; is selected to be diagonal in the considered and fixed basis (com-
putational basis), Eq. (1) is an eigendecomposition of po. Therefore, in practice, start-
ing from an estimate of ps derived from measurements, its eigendecomposition may be
hoped to yield a result directly related to an estimate of U. This idea will then have to
be refined further in this paper because: 1) eigendecomposition yields indeterminacies
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(defined below) and 2) fluctuations in output density matrix estimation limit the perfor-
mance of this preliminary approach and then lead us to extend it in this paper.

The above preliminary description shows that the type of approaches proposed in this
paper has some connections with works that were previously reported both in the clas-
sical and quantum domains. The connections with classical approaches are discussed
in section 1 of the Supplementary Document, whereas those with the quantum domain
may be defined as follows. A few recent papers dealing with quantum data also consider
(1) in the framework of QPT. However, they only have the following limited relation-
ships with our investigation. Ref. [45] aims at deriving the number (and values) of quan-
tum states that should be applied to the input of a quantum process to be able to identify
that process. However, that paper does not focus on the same input values as in the pres-
ent paper and, as also noted in [22], it does not provide an explicit QPT algorithm. Ref.
[3] provides such algorithms, that are different from ours and that are tested only for a
qudit corresponding to a Hilbert space dimension d = 5, whereas we consider dimen-
sions up to d = 23 ~ 8000.

QPT algorithms may also be split in two classes, from the following point of view. Part
of them first use the results of measurements at the output of the system by explicitly
performing quantum state tomography (QST) . This means that they estimate the ket
(for a pure state) or the density matrix (for a statistical mixture) that represents that
ouput state. They then use these estimated output states (and the corresponding input
states, their estimates or their properties) so as to infer the considered process. Other
QPT methods instead directly use the results of the considered types of measurements.
In the present paper, we consider the first class of QPT methods and we focus on the
part dedicated to QPT itself, as opposed to QST, as detailed in Sect. 5. This also means
that the complexity of our methods directly results from that of the considered QST
algorithms. This topic is therefore addressed in more detail in Sect. 5, when discussing
QST. In contrast, complexity analysis may take different forms for other types of algo-
rithms: see the discussion provided in [45] about the required number of input states.

The remainder of this paper is organized as follows. Sect. 2 is devoted to the introduc-
tion of several variants of our basic type of QPT methods, that is, single-stage methods.
These methods have a limitation, that is defined in Sect. 3. Therefore, we first intro-
duce the two-stage extensions of the above methods in Sect. 3, and then their general
multi-stage form in Sect. 4. Numerical results illustrate the performance of the proposed
methods in Sect. 5 and conclusions are drawn from this investigation in Sect. 6.

2 Proposed single-stage QPT methods

As stated above, in all the configurations considered in this paper, the quantum system
is assumed to be isolated from its environment (the proposed approaches may there-
fore also be used as an approximation for systems that have a limited interaction with
their environment and that therefore lead to near-unitary processes, as in [3]). It is well-
known that, in that case, the temporal evolution of the state of that system between
given initial and final times is governed by a unitary operator (see [1, 46]; see also [47,
48] for the relationship with the system’s Hamiltonian). More precisely, using the above-
defined notations, we consider a (first) mixed state defined by a density matrix p; at an
initial time. As explained e.g. in [1, 46], the state of that system at a subsequent, final,
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time is then defined by a density matrix po that may be expressed as in (1), where U is a
unitary matrix, that depends on the dynamics of the considered system.

The algorithms proposed in this section to estimate U then consist of two parts. Each
part involves a given type of input quantum state and an algorithm for exploiting the
associated output quantum state (and possibly the input state). Each of the following

subsections describes one of these two parts.

2.1 First part of the methods

We here consider the situation when the first state applied to the analyzed process is
a given statistical mixture, represented by the density matrix p;. The process output is
then also a mixed state and its density matrix ps may be expressed as (1). More specifi-
cally, we here introduce a first variant, in which the matrix p; is diagonal . Section 3 of
the Supplementary Document addresses the more general case when this constraint is
removed.

It should be noted that, when one considers that one is able to create a pure state, then,
creating a mixed state with an input density matrix p; that is diagonal is not a prob-
lem, as will now be shown. We here consider the approach initially used by von Neu-
mann in [49] to define a mixed state, i.e. a statistical mixture: such a state is expressed as
being composed of a set of pure states, each of them being associated with a probabil-
ity of occurrence. Then, to create experimental data corresponding to the state defined
by the diagonal density matrix p;, one just has to repeatedly, randomly, select one of
the pure states that form the considered basis of the state space, moreover selecting the
kth basis state with a probability that is equal to the k th value on the diagonal of p;.
This simplicity of implementation is worth noting because, in contrast, the authors of
[3, 45] consider that using a mixed input state is too complex (maybe because they have
non-diagonal density matrices in mind), so that they choose to restrict themselves to
pure states, which has the drawback of requesting many such multiqubit input states, as
opposed to only two multiqubit input states in the complete approach that we here start
to describe (namely the mixed state with a density matrix p; considered here, and then
the pure state |¥1) in Sect. 2.2). Beyond their relationship based on considering (1), our
approach and the one in [45] are therefore quite different.

The matrix po is known to be Hermitian, since it is a density matrix (see e.g. [46] p.
283). Therefore, it is normal (see [50] p. 100% ) and hence unitarily diagonalizable: see
Theorem 1 and comments in its proof (all theorems cited in the core of this paper are
provided in Appendix A). The first part of the QPT method proposed below is based on
the eigendecomposition of ps (because (1) is such an eigendecomposition, as detailed
below). More precisely, in practice, what is initially available for performing an eigen-
decomposition is not the theoretical matrix p, but an estimate py of po, provided by a
QST algorithm (we here use standard notations, e.g. as in [52-54]: an estimate of an
unknown, deterministic, scalar, vector or matrix 6 is denoted as @). Therefore, our QPT
method preferably starts with two preprocessing steps, that consist of first deriving a
Hermitian estimate p3 from p2 and then a unit-trace estimate p, from p3 (see details
in Appendix B), unless the considered QST algorithm already guarantees that p> meets

these two properties.

2Throughout this paper, the reader may refer to [51], instead of [50].
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Then, the core of our QPT algorithm performs an eigendecomposition of the Hermi-
tian matrix ps. This eigendecomposition problem has several solutions, corresponding
to the indeterminacies of eigendecomposition detailed below. Any of these solutions is
defined by two matrices, hereafter denoted as D, and Vj. Dy is a diagonal matrix that
contains the eigenvalues of p, in an arbitrary order ( see e.g. [50] p. 102). Moreover, each
column of V} is an eigenvector of py (see (2) and Theorem 2) and V} is here unitary
(because p is unitarily diagonalizable), hence V, ! = V4T, These results V,; and Dy of the

eigendecomposition are linked to the initial matrix p, as follows:

ps=Vy D,V (2)

=Vy Dy V,. 3)

Comparing (3) to (1), with py an estimate of ps and with p; a diagonal matrix, shows that
(1) is one of the possible eigendecompositions of ps up to estimation errors. Therefore,
the matrices Dy and V} obtained in practice with our algorithm are respectively equal to
p1 and U up to the indeterminacies of the eigendecomposition process (and up to esti-
mation errors). In particular, V; is the first obtained quantity related to the estimation
of U (it could therefore be denoted as (71). We now define its indeterminacies in more
detail, and we show how to solve them.

In our first type of QPT methods described here, we constrain all diagonal values of
the user-defined matrix p; to be different. This means that all eigenvalues in the eigen-
decompositions of p2 and hence p, (ignoring estimation errors) are different. Therefore,
each of them is associated with a different one-dimensional eigenspace . In other words,
all eigenvectors corresponding to a given eigenvalue are along the same direction and
the directions associated with two different eigenvalues are different (this is true for any
complex square matrix: see [50] p. 47) and even orthogonal: see Theorem 3. Each eigen-
value is thus coupled with a single eigenvector in any considered eigendecomposition.
The first indeterminacy of the eigendecomposition of py is then a possible coupled per-
mutation of 1) the columns of the matrix V; obtained as a first quantity towards the
estimation of U in this eigendecomposition and 2) the values along the diagonal of the
matrix Dy, due to the above-mentioned arbitrary order of the latter diagonal values. This
permutation problem may be solved as follows. As stated above, we constrain all diago-
nal values of p; to be different (at this stage of the discussion, we restrict ourselves to a
theoretical approach, where we only need the eigenvalues to be different; further in this
paper, we will discuss the gap required between them, when considering practical imple-
mentations of our approach : see Appendix C for the method considered in the present
section ; moreover, the practical consequences of this limited gap directly appear in the
resulting performance obtained in the tests reported in Sect. 5 ). Moreover, we constrain
all diagonal values of p; to be placed on that diagonal according to a given order. Here-
after, we will consider the case when they are in decreasing order. With respect to the
above-defined machine learning terminology, this part of our algorithm is thus unsuper-
vised: it does not require the exact value of the input state, i.e. the input density matrix
p1, to be known but it sets limited conditions on some of its properties.

The above known order of the diagonal values of p; is used to postprocess Dy, by per-
muting the values obtained on its diagonal so that they are in the same order as the order
that we impose on p;. More precisely, in the case considered hereafter, we permute the
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values obtained on the diagonal of D, so that they are in decreasing order (if some eigen-
values obtained in practice are nonreal, they are ordered according to their moduli).
Since we now know which permutation is required to this end, we then use that specific
permutation to reorder the columns of V; in the same way. The matrix with reordered
columns thus obtained is denoted as ﬁg, since it is the second quantity that we build for
estimating U.

Thanks to the above approach, the only indeterminacy that remains in U, with respect
to U is an unknown complex scale factor in each of its columns. These factors are han-
dled as detailed in Appendix D and this yields the modified version of U, that reads

(72 = [eid)l ULy ,ew’dud] (4)
where uq,...,uq are the column vectors of the actual matrix U and ¢, ..., ¢4 are the

phase indeterminacies with respect to the above vectors that remain at this stage. Denot-
ing D, the diagonal matrix that contains the unknown phase factors e'?1, ..., ¢'®¢ on its
main diagonal, (4) reads

Uy = UDy. (5)

The second part of our algorithm, presented below in Sect. 2.2, aims at determining all
phase factors ¢/t ... e’ up to a global phase factor (a process matrix U can only be
defined up to a single, i.e. global, phase factor).

2.2 Second part of the methods

Thanks to the limited number of unknowns (namely the phase factors /1, ... %)
that remain in the matrix Us of (4) obtained in Sect. 2.1, a single and pure state is then
sufficient for estimating these unknowns. This yields the first variant of the second part
of our methods, presented here. However, one may instead use a mixed state for estimat-
ing these unknowns, as shown in Sect. 4 of the Supplementary Document.

We therefore here apply a known pure state, defined by a ket |¥;), at the input of the
process (this part of the algorithm is therefore supervised, or semi-supervised if |¥) is
initially unknown but estimated by performing measurements for part of the available
copies of that state ; for the supervised case, Appendix E explains how |¥y) is chosen).
The corresponding pure state at the output of that process is defined by the ket

|Wa) = U[Wy). (6)

What is available in practice is a ket \\/I;g), obtained by performing a QST at the out-
put of the process, and equal to |¥3) up to an unknown phase factor and to estimation
errors (see again Appendix B concerning a possible normalization of the QST output
used here). When neglecting the above estimation errors,

Ws) =€ Wy) (7)
=U|1,). 8)
Our algorithm computes the ket

|W3) = U|Ws), 9)
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based on the following motivation: combining (9, 5, 8) and considering that U is unitary
(hence UtU = I) yields

W) = e Dy 0y) (10)
where * stands for conjugation. This equation is very useful because, apart from the
global phase 0, its only unknown is Dy, i.e. the set of phase factors ¢!, ..., e!?? to be

determined. This problem is easily solved by considering each component k, denoted as
|.), of the above kets. Using a ket |¥'1) with nonzero components, (10) yields

. )
:\I/ii: _ il0—61) Vk e {1,...,d}. (11)

The associated matrix form reads
diag(|¥s) @ |¥4)) = ewD:; (12)

where @ is the element-wise division for vectors (as defined in Appendix A) and diag(v)
is the diagonal matrix that contains all elements of a vector v on its main diagonal.

Based on the above propertles the final step of our alg0r1thm creates, as follows, a new
estimate of U denoted as U 5 (the intermediate notations Ud and U4 are not used here but
are required for the two-stage methods of Sect. 3):

Us = U, diag(|¥3) 0 |1)). (13)

This approach is used because, due to (12 and 5), Eq. (13) yields

Us = U (14)
which means that Us succeeds in restoring U, up to a global phase factor (and again up
to the estimation errors that were mentioned above but implicit in the above equations).

A pseudo-code of the version of our algorithm corresponding to all this Sect. 2 is pro-
vided in Algorithm 1. This algorithm is called EQPT1, because it is our first proposed
Eigenanalysis-based QPT algorithm.
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Input : a) Estimate py of output density matrix ps (provided by Quantum
State Tomography (QST) and obtained for input density matrix
(CT7)). b) Estimate |U5) of output ket |¥5) (provided by QST and
obtained for all components of input ket |¥;) equal to 1/v/d).
Output: Estimate 175 of quantum process matrix U.

begin

/* Exploit py: */

Eigendecomposition: derive 1) a diagonal matrix D4 that contains the
eigenvalues of py in an arbitrary order and 2) a matrix V4 whose columns
are eigenvectors of py in the same order as eigenvalues;

Reorder the eigenvalues in Dy in decreasing order and apply the same
permutation to the columns of Vj to create the matrix Us;

/* If the above eigendecomposition algorithm does not yield

untt-norm eigenvectors, then create them as follows: */

Divide each column of Us by its norm;

/* Exploit |Uy): */
|W3) = UJ|Wa);

Us = Us diag(|¥3) @ [¥1));

end

Algorithm 1 EQPT1: first Eigenanalysis-based Quantum Process Tomography algorithm (composed of one
stage). This version is for the case when the QST algorithm provides estimates that meet the known properties of
the actual quantities. Otherwise, see Appendix B.

3 Proposed two-stage QPT methods

3.1 Motivation

The dimension d of the state space (and hence the dimension d x d of the considered
process matrix U) that can be addressed by the type of QPT methods proposed in Sect.
2 is limited by the following phenomenon. As explained in that section, these meth-
ods require all eigenvalues of the input density matrix p; of the process to be different.
Moreover, they should be separated by a minimum gap to be distinguishable, so that
their estimates are not permuted in practice (in order to reorder them and the associ-
ated eigenvectors correctly). Besides, all of them range from 0 to 1, because they are
nonnegative and their sum is equal to one, as stated above. All these conditions yield an
upper bound, denoted as 1,44, for the acceptable number of eigenvalues of p;. Since the
number of (different) eigenvalues of p; is always equal to d for the methods of Sect. 2,
this yields an upper bound for the state space dimension d that can be handled by these
methods, and this bound on d is also equal to 1,,4,:

d < Nynaz- (15)

In the present section, we aim at addressing higher values of d. To this end, we move to
the case when some eigenvalues of the input density matrix p; are equal and we there-
fore introduce extensions of the QPT methods of Sect. 2 to be able to handle that more

complex case.

3.2 First part of the methods

As in Sect. 2.1, the method proposed here starts by considering a given mixed state,
freely selected by the user, that has a diagonal density matrix p; and that is applied to
the input of the considered unitary process defined by a matrix U. However, we here
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accept to have identical values on the main diagonal of p;, at the expense of then hav-
ing to handle more complex eigendecomposition properties for the process output, as
shown below. More precisely, each value that appears on the main diagonal of p; appears
d; times (where the value of the parameter d; of p; is freely selected by the user), on
adjacent rows, and that diagonal contains dy different values. The number of rows of p1,
equal to the dimension of the considered state space, is thus equal to

d=didy (16)

(in practice, we aim at considering the case when d;, d2, and hence d are powers of 2,
with an application to qubits). If requesting the same minimum gap between different
eigenvalues as in Sect. 2.1, or in other words, if replacing the bound (15) on d in Sect. 2
by the same bound value for ds instead of d here, then the maximum value of the state
space dimension (16) that can be handled here is d; times higher than the maximum
dimension that can be addressed by the methods of Sect. 2, which is our goal, ideally.
However, it is not guaranteed that the methods proposed hereafter can handle the same
gap between different eigenvalues as in Sect. 2.1 with the same accuracy, especially due
to the more complex structure of these extended methods. The practical accuracy of all
proposed methods is therefore investigated numerically further in this paper.

Denoting r1, . .., rq, the different eigenvalues of p;, that chosen density matrix reads
I T 0 P 0 ]
1
T2
P1 = - (17)
T2
L 0 0 Tdy |

with each diagonal value repeated d; times. This may also be expressed as
p1 = diag(r) ® Iq, (18)

where r is the vector that contains the values r1,...,74,, whereas I, is the d; x d;
identity matrix and ® stands for the Kronecker product [55]. Without loss of general-
ity, we here again request the values on the diagonal of p; to be in nonincreasing order
i1y > 19 > -+ > 1g,. Moreover, we preferably use values that are uniformly distributed
(that is, multiples of the same step, with zero excluded), as in the method of Sect. 2 (see
details for the latter method in Appendix C) , here again in order to maximize the gap
between any two adjacent values (the practical consequences of this limited gap here
again directly appear in the resulting performance obtained in the tests reported in Sect.
5) . In the configuration of the present Sect. (C7) is thus replaced by:

_ 2dy—k+1)

= T ke{l,... d}. (19)

The density matrix (17) can be created by using exactly the same procedure as described
at the beginning of Sect. 2.1, since the latter procedure applies to any diagonal density
matrix. So, briefly, here again, in the considered mixed state, each k th basis state is
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drawn with a probability that is equal to the k th value on the diagonal of p;. The only
specific feature faced here is that some diagonal values of (17), and therefore some prob-
abilities of drawing basis states, are equal.

Here again, the process output corresponding to p; is a mixed state and its density
matrix p2 may be expressed as (1). Moreover, as in Sect. 2.1, p2 is Hermitian and hence
unitarily diagonalizable, and it has unit trace. Besides, in practice, an estimate ps of ps
is derived by a QST algorithm and, if required by the considered QST algorithm, we
preprocess this estimate of ps in order to derive its Hermitian and unit-trace version,
denoted as py. We then perform an eigendecomposition of py. The analysis of the prop-
erties of this eigendecomposition here requires additional care, because the considered
matrix has various identical eigenvalues.

The properties of Sect. 2.1 that remain true here are as follows. The eigendecompo-
sition is not unique, Egs. (2, 3) still apply, V4 and D, are respectively a unitary matrix
and a diagonal matrix, the k th column of V} is an eigenvector of py and the associated
eigenvalue is the k th value on the diagonal of D, (see again Theorem 2 for the latter
property).

In contrast, what is different here as compared with Sect. 2.1 is that the same eigen-
value here appears d; time and is thus associated with d; eigenvectors, instead of only
one in Sect. 2.1. Eigendecomposition properties are more complex than above in this
general framework but, fortunately, their complexity is here limited by the fact that the
matrix py to be decomposed is Hermitian. For this class of matrices (and for all nor-
mal matrices), the so-called geometric multiplicity of each eigenvalue is guaranteed to
be equal to its so-called algebraic multiplicity, i.e. these matrices are nondefective (see
details in [50] p. 57, 58, 103). More explicitly, this means that each eigenvalue of py is
here known to appear d; times at arbitrary locations on the diagonal of D, (algebraic
multiplicity), since these eigenvalues are the same, in a different order, as in another
eigendecomposition of the same matrix py (neglecting estimation errors), namely the
eigendecomposition (1). Therefore, the dimension of the eigenspace associated with any
eigenvalue of py is also equal to d;. So, when performing the eigendecomposition of py,
the considered decomposition algorithm should provide d; linearly independent eigen-
vectors for each eigenvalue, and we hereafter assume that practical eigendecomposition
algorithms succeed in finding them (that was indeed the case in all the tests reported
further in this paper). As an overall result, when performing the eigendecomposition of
P4, 1) we get a diagonal matrix D4 with d = d;d; eigenvalues that may be in an arbitrary
order, and with each encountered value repeated d; times and 2) we get a unitary matrix
V4 whose columns are eigenvectors that have the above-defined properties.

As in Sect. 2.1, we then apply a joint permutation to the diagonal elements of D4 and
to the columns of Vj, so that the values corresponding to the diagonal elements of Dy
become in nonincreasing order. The matrix thus derived from Vj, with reordered eigen-
vectors in its columns, is here again denoted as U,. The associated properties are detailed
in Appendix F. This shows that this first part of our second type of methods does not yet
succeed in separately identifying each column of U, but it succeeds in finding a basis for
each of the d subspaces Sy ,,,, that corresponds to a value mq, with m; € {1,...,dz},
and that is associated with the d; columns of U that have the indices defined by (F8). We
hereafter show how to extend that method so as to identify each column of U separately.
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3.3 Second part of the methods

The two important properties that we showed in Sect. 3.2 for the considered (possibly
high) dimension d = d;dy are as follows. First, we showed that we can “partition” the
set of d columns of U in dy subsets, in the sense that , in Sect. 3.2, we identified each
d;-dimensional subspace S, spanned by the columns of U that compose the subset
with index m;. Second, we showed that we can select which partition we perform: the
columns of U that are gathered in the same subset are those that correspond to the same
eigenvalue of ps and hence py.

In the present section, we take advantage of these results to create another partition
of the columns of U, in order to then jointly exploit these two partitions as explained
further in Sect. 3.4. We thus create a two-stage algorithm in the sense that it successively
uses two eigendecompositions of density matrices estimated at the output of the process
U, namely the eigendecompositions respectively described in Sect. 3.2 and in the pres-
ent subsection. This should be contrasted with the algorithms of Sect. 2, that are single-
stage methods in the sense that they perform a single eigendecomposition.

More precisely, the input density matrix ps here applied to the considered unitary
process is different from p; but, here again, it is diagonal, it contains dy different values
that each appear d; times and these values are the same as in Sect. 3.2. However, they
are here placed in a different order: the set of values on the main diagonal of p5 con-
sists of a series of d; identical subsets, each of which successively contains the dz values

r1,...,Td,. The density matrix ps thus reads
rrp O A 0 7
Td,
ps = " (20)
Tdy
L 0 i
This may also be expressed as
ps = la, ® diag(r) (21)

with the same notations as in (18).

This input density matrix ps is used in the same way as in Sect. 3.2. So, the density
matrix pg of the corresponding process output may be derived from ps in the same way
as in (1). An estimate pg of pg is derived by a QST algorithm and, if required by the con-
sidered QST algorithm, we preprocess pg in order to derive: 1) its Hermitian version pr
(in the same way as in (B5)) and then 2) its Hermitian and unit-trace version pg (in the
same way as in (B6)). We then perform an eigendecomposition of pg. This yields a diago-
nal matrix Dg containing its eigenvalues and a matrix Vs whose columns are its associ-
ated eigenvectors.

We then apply a joint permutation to the diagonal elements of Dg and to the columns
of Vs, so that the values corresponding to the diagonal elements of Dg become in nonin-
creasing order. Here again, each of the ds successive subsets of d; identical values along
the diagonal of the reordered version of Dg (values equal to eigenvalue 7,,,) has an index
ma, with ms € {1,...,dz2}, and consists of elements with indices
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(m2 — 1)d1 + na, with ng € {1, R ,dl}. (22)

Moreover, the corresponding matrix, derived from Vg, with reordered eigenvectors in its
columns is denoted as (73

3 Its subset of columns that also have the indices defined by (22) is a set of d; eigen-
vectors that form a basis of the d;-dimensional eigenspace of ps associated with its
eigenvalue r,,,,. This eigenspace, obtained in the second part of this method, is hereafter
denoted as Sy, -

S2,m, also has a relationship with the actual matrix U to be identified, but it is different
from the relationship disclosed for Si ., in Sect. 3.2. Here again, Sa p,, is the d;-dimen-
sional subspace spanned by the d; columns of U that correspond to the eigenvalue 7,,,.
However, here the indices of these columns are different from those of Sect. 3.2: they are
equal to the column indices of all occurrences of 7., in (20), that is

mo + nods with no € {O ceaydy — 1}. (23)

This shows that this second part of our second type of methods succeeds in find-
ing a basis for each of the dy subspaces Ss ,,, that: 1) corresponds to a value ms, with
ma € {1,...,dz2}, and 2) is associated with the d; columns of U that have the indices
defined by (23). We hereafter show how to combine the properties of these subspaces
S2,m, and of the subspaces Sy ,,,, derived in the first part of this algorithm.

3.4 Third part of the methods

We now consider all subspace intersections Sy, N Sa,m,, for my € {1,...,d2} and
mg € {1,...,dz2}. The subspaces Si ,,, and Sz, are each defined by a set of column
vectors of U and we want each such pair of subspaces to share only one column vector
(or possibly no columns for some of these intersections). When this condition is met,
S1,m; N S2,m, is equal to the one-dimensional subspace defined by this shared column
vector, because U is unitary and all its column vectors are therefore orthogonal (see [50]
p. 67). Moreover, we want the set of d intersection column vectors thus created to yield
all d columns of U (up to scale factors). This requires d3 > d and hence, due to (16):

dq < ds. (24)

Besides, the number dy of different eigenvalues of the input density matrix (as defined in
Sect. 3.2) is upper bounded by the value 7,4, as explained above. Therefore, due to (24
and 16), the state space dimension d that can be handled by the methods proposed in the
present section is upper bounded by:

d < (nmaz)2~ (25)

This maximum space dimension is therefore much higher than the bound (15) faced
with the methods of Sect. 2, under the assumption that n,,,, here remains the same

3 all the quantities of importance related to estimates of the considered process are denoted with the same letter and
increasing indices 1, 2 and so on. When describing our first type of methods in Sect. 2, for the sake of clarity we used
detailed notations for these estimates, therefore with a first notation (with index 1) for the quantity before column
reordering and a second notation (with index 2) for the quantity after column reordering. However, we then did not
use the first notation. We here want to make it clear that, for the second type of methods described in the present
section, we also consider two such quantities, namely before and after reordering. However, we do not introduce a
notation for the quantity before reordering because, here again, we would not use it afterwards. Therefore, we here
only introduce a single quantity, with an index equal to 3.
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as with single-stage methods, as discussed above. In that case, the methods of the pres-
ent section are much more attractive for handling high-dimensional spaces (but more
complex).

In the remainder of this section, we only consider the case when

di = dy (26)
which makes the analysis simpler. Combining this condition with (16) yields
d=d3=d2 (27)

When ds is moreover set to its maximum value 7n,,,4,, we obtain d = (nmax)Q, so that we
reach the upper bound defined by (25).

One then analyzes how the indices of the columns of U corresponding to Si p,
(defined by (F8)) are interleaved with the indices of the columns of U corresponding to
S2,m, (defined by (23)), for any given couple of values (my, ms), with my € {1,...,d2}
and mgy € {1,...,d>}. This shows that, whatever (m1,ms), the sets of columns of U
respectively associated with Sy ,,, and Sz ., share one and only one column, and that

its index is
(m1 — 1)d1 + mao. (28)

Moreover, when m; and mgo are varied over all their ranges m; € {1,...,d2} and
ma € {1,...,d>}, the resulting set of d3 indices (28) spans all d = d;da = d3 columns of
U. This approach therefore succeeds in identifying all columns of U, up to scale factors
at this stage.

The practical algorithm proposed for implementing the above approach oper-
ates as follows. Successively for each couple (mi,ms), with mq € {1,...,d2} and
ma € {1,...,d2}, we need to determine a vector situated in the 1-dimensional intersec-
tion of the subspaces Si,,,, and Ss ,,,. The data available in practice for defining Sy,
consist of the set of columns of [?2 that have the indices defined by (F8) and the data that
define Ss ., consist of the set of columns of (73 that have the indices defined by (22).
To determine this 1-dimensional subspace intersection, we here use the first direction
provided by the standard Canonical Correlation Analysis, or CCA, e.g. described in [56]
and directly available in the Matlab scientific software [57]. This approach is by the way
closely related to the eigendecomposition tool, that is the core of the methods proposed
in the present paper.4

By calculating the intersection Sy ,,,, N S2 1,, We obtain one column vector of U, pos-
sibly up to an arbitrary complex factor, unless this vector is guaranteed to be normalized
by the considered CCA tool. If it is not, we then reduce this factor to a phase factor,
by dividing this intersection vector by its norm, so as to enforce its norm to become
equal to one (again because U is known to be unitary and thus to have unit-norm col-

umn vectors).

“It should also be noted that an alternative to CCA, based on Singular Value Decomposition, and that allows one
to determine subspace intersections, is available in [58]. It is a building block of the method called SIBIS, for “Sub-
space-Intersection Blind Identification and Separation”. Beyond its subspace-intersection tool, SIBIS has the following
relationships with the present paper in terms of final goal. SIBIS performs 1) Blind Mixture Identification, or BMI
[59-62], which is a type of classical system identification problem and is thus related to (the classical counterpart of)
QPT and 2) Blind Source Separation, which is a problem closely connected to classical BMIL.
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All these normalized results of CCA are used to create an additional matrix related
to the estimation of U and therefore denoted as ﬁ4: each application of CCA to a given
couple (mq,m3) yields a normalized vector that is stored in the column of Uy whose
index is defined by (28). The matrix Uy obtained at this stage is therefore equal to U up

to an arbitrary phase factor in each of its columns (and up to estimation errors).

3.5 Fourth part of the methods
The properties of Uy defined at the end of the previous section are exactly the same as
those obtained in our single-stage methods for Us: see Sect. 2.1, including (4). There-
fore, the final stage of the method considered here consists of processing Uy in the same
way as we processed Us in Sect. 2.2. This yields a matrix Us that here again succeeds in
restoring U, up to only a global phase factor.

A pseudo-code of the version of our algorithm described in this Sect. 3 is provided in
Algorithm 2. This algorithm is called EQPT2. Two variants (called EQPT3 and EQPT4)

of two-stage QPT methods are moreover presented in Appendix G.
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Input : a) Estimate py of output density matrix py (provided by QST and
obtained for input density matrix (17) with the diagonal values
defined in (19)). b) Estimate pg of output density matrix pg
(provided by QST and obtained for input density matrix (20) with
the diagonal values defined in (19)). ¢) Estimate |\T/2> of output ket
|Ws) (provided by QST and obtained for all components of input
ket |¥1) equal to 1/+/d).

Output: Estimate 175 of quantum process matrix U.

begin

/* Exploit py: */

Eigendecomposition: derive 1) a diagonal matrix D4 that contains the
eigenvalues of py in an arbitrary order and 2) a matrix V4 whose columns
are eigenvectors of py in the same order as eigenvalues;

Reorder the eigenvalues in Dy in nonincreasing order and apply the same
permutation to the columns of Vj to create the matrix Us;

/* Exploit pg: */

Eigendecomposition: derive 1) a diagonal matrix Dg that contains the
eigenvalues of pg in an arbitrary order and 2) a matrix V3 whose columns
are eigenvectors of pg in the same order as eigenvalues;

Reorder the eigenvalues in Dy in nonincreasing order and apply the same
permutation to the columns of Vg to create the matrix Us;

/* Combine U, and Us: */

for m; =1 to dy do

for ma =1 to dy do

Set column of Uy with index equal to ((my — 1)dy + ma): Set it to
first vector provided by CCA of 1) the set of columns of UQ with
indices ((m1 — 1)d; +nq1) with nq € {1,...,d;1} and 2) the set of
columns of Us with indices ((mg —1)dy +ns) with ny € {1,...,d1};

/* If the CCA tool does not provide unit-norm vectors,

then do it: */
Divide above column of (7'4 by its norm;
end
end
/* Exploit |\/I;2>: */

U3) = UJ[Ws);
Us = Uy diag(|¥3) @ [V1));

end

Algorithm 2 EQPT2: second Eigenanalysis-based QPT algorithm (composed of two stages). This version is for
the case when the QST algorithm provides estimates that meet the known properties of the actual quantities.
Otherwise, see text.

4 Proposed multi-stage QPT methods

The QPT methods proposed in the previous sections can be extended as follows, by
selecting density matrices p; of input mixed states that are diagonal , that contain several
occurrences of each value that appears on their diagonal and that have additional prop-
erties. More precisely, here again, each value that appears on the main diagonal of p;
appears d; times , with d; > 1, and that diagonal contains dy different values, here pos-
sibly with da # d;. The number of rows of p1, equal to the dimension of the considered
state space, is thus here again defined by (16). The new feature introduced here consists
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of storing all d; occurrences of any given diagonal value of p; in b, blocks of adjacent
rows, with each block consisting of bs; rows, and hence with

bnbs = dl- (29)

Besides, we consider the case when b,,, b; and d; are powers of 2. We denote as by the
integer-valued logarithm of b,, in base 2: we have

b, = 20, (30)

We hereafter consider all possible integer values of b, for a fixed value d; and varying
values of b,, and bs. In other words, we consider all linked powers of 2 for b,, and b, in
their acceptable range. The minimum of b, is 0, corresponding to the minimum of b,
equal to 1, and to the maximum of b, equal to d;. Similarly, the maximum of b, is equal
to log, dy, corresponding to the maximum of b,,, that is equal to d;, while b, reaches its
minimum, equal to 1.

Moreover, these blocks are organized as follows: from the top to the bottom of the
diagonal of p;, we have a block of values equal to 1, then a block of values 3, and so on
until a block of values 74,, and then the same structure again and again, that is, blocks
of values r1,7s,...,74, (When there exist several blocks containing the same value, i.e.
when b,, > 1). Here again, we request these possible values to be defined in decreasing
order, i.e. r1 > rg > -+ > ry,, and to take the same values as in (19). The two extreme
cases of this general framework are nothing but the two specific cases that we already
used for the above-defined two-stage methods: when setting by = 0 and hence b,, = 1
and b; = d;, we obtain the density matrix of (17) whereas with b, = log, d; and hence
b, = d1 and bs = 1, we get the density matrix of (20).

The main idea of the above-defined two-stage methods was to exploit intersections of
two subspaces of eigendecompositions resulting from the above density matrices (17 and
20). Here, we extend this idea to general multi-stage methods, with (log, d; + 1) stages.
To this end, we consider all (log, d; + 1) input density matrices that belong to the above-
defined general framework, by considering all (log, d; + 1) possible values of by, i.e. all
integers from O to log, d;. Using the same approach as in Sect. 3 (that is, performing the
eigendecomposition and reordering for the estimated output density matrix), for each
value of by and hence of b,, and b, we obtain a set of ds subspaces denoted as sz,mbl
, with my, € {1,...,d2} (each index my,is used to define each subspace in the eigende-
composition of the stage byof the algorithm proposed here; its correspondence with the
structure of the input density matrix is not the same as when we used the indices m;
and my in Sect. 3). These subspaces Sy,,m,, are defined in more detail in Appendix H.
We then extend the approach of Sect. 3 by performing subspace intersections as follows.

dgo‘% di+1) possible values of the set of (logy dy + 1) sub-

We successively consider all
space indices my, (with my, € {1,...,ds}), i.e. we consider all possible values of the set
of indices {mo, ..., Miog, d, }. For each such set of indices, we derive the intersection of
the corresponding (log, di + 1) subspaces Sb,,m,, - We thus form dgogz ditl) subspace
intersections. As in Sect. 3.4, we want each of these intersections to be one-dimensional
(or possibly to be restricted to the null vector for some of these intersections). In order
to identify all d columns of U, the number of subspace intersections should be at least

equal to d. Using (16), this condition reads
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dye2 My > dyd,. (31)
Taking the logarithm, in base 2, of that equation yields
logy dy > 1 (32)
that is
dy > 2. (33)

In particular, for d2 = 2, we have equalities in (33) back to (31) and the number
dgk’gz 4D of intersections is exactly equal to the dimension (16). It should be noted
that, unlike in the two-stage methods, we here do not face the constraints (24) and
hence (25). This is because we pay the price by using a multi-stage, hence more complex,
approach: the method proposed here potentially applies to any state space dimension d
and any number dy of different eigenvalues (with (33)), provided we accept to set accord-
ingly the value of d;, defined by (16), and hence the number (log, d; + 1) of stages of the
method and of eigendecompositions to be performed (and, again, provided this method
remains numerically accurate enough, despite its higher computational complexity).

Moreover, also in this multi-stage extension, we aim at reducing the number d; of dif-
ferent eigenvalues, because we thus hope to better succeed in assigning each estimated
eigenvalue to the correct value among the possible ones, despite estimation errors. A
very attractive feature of the approach proposed here it that it allows one to decrease
d2 to 2, thus leading to Dichotomic multi-stage Eigenanalysis-based QPT, or DEQPT,
methods (where “dichotomic” refers to the fact that the complete set of eigenvalues is
split into two subsets, with identical values in each subset).

In Appendix H.1 we show that, for dy = 2, the above-defined subspace intersections
are each indeed restricted to one dimension and yield all columns of U (up to scale or
phase factors). Moreover, we illustrate this property and thus the proposed complete
multi-stage methods in Appendix H.2. Finally, Appendix H.3 contains a pseudo-code for
that multi-stage QPT method applicable to an arbitrary state space dimension and called
EQPTS5.

5 Testresults

To validate the EQPT1, EQPT2, EQPT3 and EQPT5 methods detailed in the previous
sections, and to evaluate their accuracy, we performed numerical tests with data derived
from a software simulation of the considered configuration. As mentioned in Sect. 1,
all the methods proposed in the present paper belong to the class of QPT methods that
first perform a complete QST for each considered process output state and then exploit
the results of these QST to achieve the core of QPT. The input of our QPT methods
thus consists of estimates (more precisely, models of such estimates, as detailed below)
of pure or mixed states provided by QST. Various QST methods were reported in the lit-
erature (see e.g. [1, 9, 11, 63-77]) and one may hereafter e.g. use any of the available QST
methods compatible with the types of quantum states encountered in each of the QPT
methods proposed in the present paper. Therefore, to here provide numerical results
that define the accuracy of our QPT methods, we do not restrict this investigation to
the use of a single QST method, from which the reader could not easily extrapolate to
his preferred QST approach, with his preferred parameter values (especially, the number
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of times he prepares a copy of a considered input state and he performs a measurement
for the corresponding output state), whereas these parameter values may have a strong
influence on QPT performance. Instead, we create a numerical model of quantum state
estimates with a given accuracy and we focus on the resulting accuracy of our QPT
methods, not only to estimate these absolute accuracies, but mainly to determine which
of these methods yields the best performance when they use the same accuracy for QST.
This moreover allows us to investigate the numerical performance of our QPT methods
over a wide range of conditions, by varying the accuracy of the modeled quantum state
estimates.

It should also be noted that the complexity of QST depends on the considered type of
quantum state and on the selected QST algorithm. The most standard QST algorithm
is detailed in Section 8.4.2 of [1]. It applies to the most general type of quantum states,
namely mixed states, and requires computing the averages of 49 — 1 different types of
measurements, where ¢ is the number of qubits of the considered state [76]. Still for
mixed states, a lower number of types of measurements can be reached, e.g. by consid-
ering states whose density matrix has a low rank: see [76] and references therein; see
also [77] for the use of reduced density matrices. Moreover, various approaches only
intended for the more specific case of pure states have been proposed and yield much
lower numbers of types of measurements than the above standard approach for mixed
states: see e.g. the recent overview of that topic and associated references in [76]. More
specifically, some papers from the literature focus on reducing the complexity of QST
algorithms (see e.g. [74, 75]). The overall complexity of a QST-based QPT algorithm
therefore does not necessarily come from its QST part, as opposed to its subsequent
part that consists of using QST results for the core of QPT. This also motivates us to per-
form tests as explained above, in order to uncouple the investigation of the complexity of
the core of QPT (e.g. expressed in terms of required CPU time) from that of QST.

More precisely, to model the estimation errors that an actual QST method would yield
when deriving a ket estimate (e.g. for the ket |¥3) of Sect. 2.2), we first compute the
theoretical value of that ket in the considered conditions (e.g. using (6) with the input
ket defined before (12) and a known process matrix U) and we then add random, inde-
pendent, complex-valued fluctuations to all components of this ket. Their real and imag-
inary parts are separately created with a random generator that has a probability density
function that is uniform over the range [—w/2,w/2], where the parameter w defines
the magnitude of the modeled estimation fluctuations . This simple error model has the
advantage of being easily interpretable. The parameter w is hereafter varied. This first
allows us to investigate the sensitivity of the proposed QPT methods to the magnitude
of QST estimation errors. Moreover, this allows us to make, as follows, a simple con-
nection with actual QST methods. Due to the above-defined distribution of modeled
fluctuations, the variance of their real and imaginary parts is equal to w?/12. This value
may e.g. be used to compare the results provided in Fig. 1 to what may be expected from
the use a given QST method, by selecting the plots of Fig. 1 obtained for a value of w that
yields almost the same variance of estimation errors as the considered QST method. The
error model for density matrix estimation is defined similarly and is presented in Sect. 7
of the Supplementary Document. We stress that our QPT methods are operated without
having any knowledge of the type of “noise” (i.e. estimation errors) that is faced, they
were not designed for a specific type of noise and they are therefore versatile.
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Fig. 1 Normalized Root Mean Square Error (NRMSE) of estimation of process matrix U of proposed Quantum Pro-
cess Tomography (QPT) methods EQPT1 (black solid lines), EQPT2 (blue dash doted lines) and EQPT3 (red dashed
lines), vs. number g of qubits, for several values of the parameter w that defines the magnitude of the estimation
errors of Quantum State Tomography (QST)

Each elementary test uses a randomly drawn d x d process matrix U, obtained as fol-
lows. We first create a d X d real-valued matrix with each element randomly, uniformly,
drawn in the interval [0, 1]. We then perform a QR decomposition of this matrix (e.g.
using one of the algorithms defined in [50] p. 112, [78] p. 223, [79]). This especially yields
the so-called “Q factor” of that QR decomposition (see e.g. the software package [79]) .
This factor is guaranteed to be a unitary matrix (see [50] p. 112, [78] p. 223, [79] ) and
we therefore use it as our matrix U.

Each above-defined matrix U is used by feeding it with the process input states defined
in the previous sections, computing the corresponding exact output states (e.g. using
(1) and (6)), deriving their above-defined modeled estimates associated with QST and
applying the considered QPT method to those estimates, so as to derive the process
matrix estimate (75.

The criterion used in the present section to evaluate the performance obtained in such
a test is defined as follows (and other criteria are studied in Appendix I). We aim at mea-
suring how close we get to the case when Us is equal to U up to a phase factor. The crite-
rion used to this end is defined by first introducing

~

1 N
NMSE(U,Us) = min | - [|U = e*Us||% (34)

where ||.|| stands for the Frobenius norm and where the phase 6 is chosen so as to
minimize this NMSE. At first sight, it may not be obvious that one can derive analytical
expressions of 1) the optimum value of the angle 6 involved in (34) and 2) the corre-
sponding value of (34). Fortunately, these expressions can be derived, as follows. Denot-
ing the matrix trace as Tr(.) and using the property (see [80] p. 156)

[1M][7 = Te(M'M) (35)
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for any matrix M makes it possible to transform the expression ||[U — ei9175|\% in (34)

and to show that it is minimized when 6 takes the value
Oopt fro = farg(Tr(UT(A]g,)) = arg(Tr(ﬁgU)). (36)

The resulting value of the NMSE in (34) may be shown to be equal to

NMSE(U,Us) = % U3 +1|0s]1% — 2 |Tr(UTI75)|] : (37)
This criterion is a Normalized Mean squared Error (NMSE) since it is based on the sum
of the squared moduli of the elements of the error matrix (U — ei0175), then normalized
by a scale factor chosen so that the maximum value of this parameter is equal to one
when U and [75 are unitary (because their squared norms are then equal to d). The cri-
terion that we eventually consider is the Normalized Root Mean Square Error (NRMSE)
associated with the above NMSE:

NRMSE(U,Us) = \/ NMSE(U,Us). (38)

For each dimension d of the state space, the results reported below were obtained by
running 100 above-defined elementary tests, each with a different, randomly drawn,
process matrix U (except that we only performed 10 tests when applying the EQPT5
method to 11 qubits, as explained below). The performance figure then provided is the
mean of NRMSE(U, (75) over all these tests. This protocol is repeated for various val-
ues of the number of qubits and hence of d.

The reported tests were carried out with a very basic, 8-year old, PC (Intel(R)
Core(TM) i5-7500 CPU running at 3.40 GHz with 16 GB of RAM), using the Matlab
software environment. The results reported below therefore show that the complexity
of the proposed methods (computation time and memory size) remain acceptable over
a large number of configurations: these results were obtained without having to resort
to, e.g., High-Performance Computing (HPC) or at least Graphical Processing Units
(GPUs).

As a first step, Fig. 1 shows the results thus obtained with our single-stage and two-
stage methods, namely EQPT1 (black solid lines), EQPT2 (blue dash doted lines) and
EQPT3 (red dashed lines). The results for EQPT1 are provided for all values of the state
space dimension d that take the form d = 29, where q is the equivalent number of qubits,
that is here varied from 2 to 13. ¢ = 13 is the maximum number that was accepted in
the considered hardware and software environment without running out of memory (for
non-optimized code). The same approach applies to EQPT2 and EQPT3 except that, due
to (27), only even values of ¢ were considered. Moreover, for EQPT2 and EQPT3, per-
formance turned out to often be somewhat degraded for the lowest possible state space
dimension, namely d = 4, that corresponds to ¢ = 2 qubits. This is not an issue, since
EQPT2 and EQPT3 were developed to address higher values of d (EQPT1 can be used
instead for lower values of d). Therefore, for better readability, the results of EQPT2 and
EQPT3 for ¢ = 2 are skipped in Fig. 1. It should also be noted that the complexity of
the configurations that could be tested was limited by memory requirements, as stated
above, hence not by the computational load of the proposed algorithms, that remained
reasonable up to ¢ = 13. For instance, for each of the 100 process matrix estimations,
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the average execution time used for a) creating data (thus only “modeling” QST instead
of running a QST algorithm: see above), b) running the QPT algorithm and c) displaying
results, was as follows, respectively for EQPT1, EQPT2 and EQPT3: 1) ~ 1 ms, 2.6 ms
and 2.8 ms for ¢ = 4 qubits, 2) 22 ms, 170 ms and 200 ms for ¢ = 8 qubits and 3) 23 s,
180 s and 230 s for ¢ = 12 qubits. The execution times for the other numbers of qubits
are provided in Table 1.

The following conlusions can be drawn from Fig. 1, when comparing the proposed
methods for any given QST quality, defined by the considered value of w. The two-stage
methods EQPT2 and EQPT3 yield almost the same performance, with a slight advantage
for EQPT3 (as expected from Appendix G) , that is more significant for lower values of
the space dimension d. Moreover, these two-stage methods always yield better and often
much better performance than the single-stage method EQPT1, as expected from the
beginning of Sect. 3. Up to a certain space dimension d, the gap between these two types
of methods increases with the space dimension and hence with the associated number
q of qubits: whereas all methods yield linear variations of the logarithm of NRMSE with
respect to ¢ (i.e. logarithm of d), the slope of these variations is significantly lower for
EQPT?2 and EQPT3, and these methods already start with a lower NRMSE than EQPT1
for the lowest values of d. Depending on the considered conditions, the EQPT2 and
EQPT3 methods decrease the NRMSE by a factor up to 6, and hence the NMSE by a fac-
tor up to 36, as compared with EQPT1. Moreover, for the lowest QST error magnitude
considered in these tests, for all analyzed state space dimensions, EQPT2 and EQPT3
yield an NRMSE limited to about 10~! and hence an NMSE limited to about 10~2.

We now move to the multi-stage method EQPT5, whose performance is shown in Fig.
2 (red dashed lines), together with the results already provided above for EQPT1 (black
solid lines) and EQPT?2 (blue dash doted lines). The results for EQPT5 are reported for
values of the state space dimension d that take the form d = 29, where ¢ is the equiv-
alent number of qubits, varied as follows. For a large ¢, EQPT5 yields a significantly
higher computational complexity than the single-stage and two-stage methods, due to
the higher number of eigendecompositions it performs and to the associated program
structure (recursive function with a binary tree structure, as explained in Appendix H).
Unlike for the previous proposed methods, the applicability of EQPT5 to a large num-
ber of qubits was therefore more limited by its computational load than by its memory
requirements, when using the considered basic hardware and software means. There-
fore, to keep a reasonable simulation duration (for all estimations of the process matrix),
EQPT5 was only tested up to ¢ = 10 qubits when performing 100 above-defined ele-
mentary tests, and also for ¢ = 11 qubits but then with only 10 elementary tests. More-
over, as with EQPT2, we hereafter skip the results for a low dimension, that is for d < 4
, which is not the case of interest for a multi-stage method. In the considered range of
space dimensions, the above-defined average execution time per process matrix estima-
tion was e.g. as follows for EQPT5: 5.4 ms for ¢ = 4 qubits, 4.4 s for ¢ = 8 qubits, 490 s
~ 8 mn for ¢ = 10 qubits and 7600 s ~ 2 h 07 mn for ¢ = 11 qubits. The execution times
for the other numbers of qubits are provided in Table 1.

Figure 2 yields the following conclusions for EQPT5. For the lowest considered val-
ues of the space dimension, EQPT5 starts with a somewhat higher NRMSE than EQPT1
and EQPT?2. But, an attractive feature of EQPT5 is that its NRMSE then increases more
slowly that those of the other methods, with respect to the space dimension. This again
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Fig.2 Normalized Root Mean Square Error (NRMSE) of estimation of process matrix U of proposed Quantum Pro-
cess Tomography (QPT) methods EQPT1 (black solid lines) , EQPT2 (blue dash doted lines) and EQPT5 (red dashed
lines) , vs. number g of qubits for several values of the parameter w that defines the magnitude of the estimation
errors of Quantum State Tomography (QST)

yields linear variations of the logarithm of NRMSE with respect to the number of qubits.
EQPT5 thus outperforms the other two methods for higher space dimensions, and the
gap between them increases with that dimension, up to a certain dimension. EQPT5 is
thus attractive for high space dimensions, so that it actually reaches the goal for which it
was designed. Depending on the considered conditions, EQPT5 decreases the NRMSE
by a factor up to 3.2, and hence the NMSE by a factor up to more than 10, as compared
with EQPT2. Moreover, for the lowest QST error magnitude considered in these tests,
for all analyzed state space dimensions (which are slightly lower than those considered
above for EQPT1 and EQPT?2, however), EQPT5 yield an NRMSE limited to around
3.2 x 1072 and hence an NMSE limited to around 1073,

6 Conclusion and future works

Quantum Process Tomography (QPT) is a research topic of major interest, due to its
importance for experimentally characterizing the actual behavior of quantum gates. In
the present paper, we addressed QPT configurations that have two features: first, we
consider unitary processes, and second, we aim at developing QPT methods that are
applicable to a high state space dimension, corresponding to a significant number of
qubits, as explained in Sect. 1. The proposed QPT methods allow, but do not require, the
considered process to be dense (i.e., non-sparse).

Since the considered process is unitary, its input—output relationship takes a specific
form, that suggests that eigenanalysis may be used to estimate at least part of the param-
eters of the process matrix. We first built upon that idea, and we then extended it so as
to also estimate the other process parameters that a plain eigenanalysis cannot estimate.
This resulted in a first class of QPT methods (including EQPT1), that are stated to be
single-stage since they only require one eigendecomposition.

The above approach may however be expected to yield limited performance when
considering high-dimensional state spaces, due to the estimation errors of the Quantum



Deville and Deville Discover Quantum Science (2026) 2:29 Page 25 of 41

State Tomography (QST) that it uses as a building block. We very significantly reduced
this problem by introducing multi-stage eigenanalysis-based extensions of our approach,
where the term “multi-stage” refers to the fact that these methods successively perform
several eigendecompositions. We explained in detail how two-stage methods (especially
EQPT2 and EQPT3) operate, and then how to extend them to an arbitrary number of
stages in order to minimize their sensitivity to QST errors (especially with the dicho-
tomic EQPT5 method).

The relevance of this approach was validated by means of numerical tests performed
with a simulated version of this QPT problem. This especially showed that, depend-
ing on the considered conditions, the tested two-stage methods (EQPT2 and EQPT3)
decrease the NMSE by a factor up to 36, as compared with the tested single-stage
method (EQPT1). Moreover, for the lowest QST error magnitude considered in these
tests, for all analyzed state space dimensions, the two-stage methods yield an NMSE
limited to about 1072, Besides, the multi-stage dichotomic EQPT5 method may yield
a higher accuracy (NMSE decreased by a factor up to 10 as compared with the two-
stage EQPT2 method and NMSE limited to about 10~3 in almost the same conditions as
above) but at the expense of a higher computational load.

We here had to restrict ourselves to tests performed on a standard PC. Our future
works will therefore especially include additional tests, performed on a much more pow-
erful platform, to derive the performance of our methods for a significantly higher num-
ber of qubits. Anyway, the configurations reported in the present paper already involve a
quite significant number of qubits (up to 11 to 13, depending on the considered method)
and hence a high state space dimension d (up to a few thousands) as compared with vari-
ous investigations from the literature, in particular with a qudit corresponding to only
d =5 in [3] that also deals with unitary processes. Our tests also showed that the appli-
cability of our single-stage and two-stage methods was not limited by their complexity
in terms of computational cost, unlike various alternative QPT methods, but only by the
memory size available on the platform that was used for running them. Our dichotomic
multi-stage methods have the opposite features.

Appendix A Mathematical definitions and properties

Definition 1 The element-wise division @ for vectors is defined as follows. Considering
two vectors u and v, respectively with & th elements vy, and v, the quantity u @ v is the
vector whose k th element is equal to uy /vy.

Theorem 1 Every normal matrix A € M,, can be written as
A=UAUT, (A1)

where U € M,, is unitary and A € M, is a diagonal matrix whose main diagonal entries

are the eigenvalues of A ( M, is the set of n-by- n complex matrices).

Proof See [50] p. 157 (e). See also [50] p. 101 for unitarily diagonalizable matrices (every
normal matrix is unitarily diagonalizable) and the spectral theorem for normal matrices.
In particular, this implies the spectral theorem for Hermitian matrices: see [50] p. 104.

O
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Theorem 2 If A € M, reads
A=PDP™! (A2)

where D € M,, is a diagonal matrix and P € M,, is invertible then, for any index
k € {1,...,n}, the k th column of P is an eigenvector of A and the associated eigenvalue
is the k th value on the diagonal of D.

Proof Right-multiplying (A2) by P yields

AP = PD. (A3)
For any index k € {1,...,n}, the k th column of the matrix equation (A3) reads

Avg = Apvg (A4)

where vy, is the k th column of P and )y, is the k th element on the diagonal of D. Eq. (A4)
shows that vy, is an eigenvector of A and that the associated eigenvalue is A. O

Theorem 3 1f A € M,, is normal, and if x and y are eigenvectors corresponding to distinct
eigenvalues, x and y are orthogonal.

Proof See [50] p. 103. O

Theorem 4 A best least-squares approximation of a given matrix A € M,, by a unitary
matrix Uy € M, is given by Uy = VW, where A = VEWT is a singular value decom-
position (SVD) of A.

Proof See [50] p. 431. O

Appendix B Preprocessing steps of the single-stage QPT algorithm
The first part of our single-stage algorithm, described in Sect. 2.1, is based on an estimated
density matrix py provided by a QST algorithm. If this estimate ps is not guaranteed to
be Hermitian due to the estimation errors of the considered “external” (i.e. external to our
QPT) QST algorithm, a first recommended preprocessing step of our method consists
of deriving a Hermitian estimate p3 from p>. This may be achieved by computing the
Hermitian part of po, that is (see [50] p. 109 or [52] p. 343 for its real-valued counterpart):

ol

m=§@wwﬂ- (B5)
Similarly, the actual matrix py is known to have a trace equal to 1, since it is a density
matrix (see e.g. [1] p. 101, [81] p. 73, [46] p. 283). Therefore, if its estimate (p2 or) ps
obtained so far is not guaranteed to have a unit trace due to QST estimation errors, a
second recommended preprocessing step of our method consists of deriving a (still Her-
mitian and moreover) unit-trace estimate py from (pz or) ps, by dividing all its elements
by its trace:

- P
P4~ Trace(ps) (B6)



Deville and Deville Discover Quantum Science (2026) 2:29 Page 27 of 41

Similarly, the second part of our single-stage algorithm, described in Sect. 2.2, uses an
estimated ket |\fl2), provided by a QST algorithm. If the considered QST algorithm does
not guarantee that the norm of \\/1}2) is equal to 1, a recommended pre-processing step of

our QPT method consists of dividing |\T/2> by its norm.

Appendix C Preferred input density matrix for the first part of the single-stage
QPT algorithm

In the first step of our first method defined in Sect. 2.1, we preferably use the value of
p1 defined as follows. The values on its diagonal are the eigenvalues of the considered
density operator ps, they are real and non-negative and their sum is equal to one (see e.g.
[1] p. 101). As shown in Sect. 2.1, the proposed method assumes that these eigenvalues
are different and ordered, and it is based on reordering the eigenvalues in the eigende-
composition of the estimated output density matrix and on permuting the eigenvectors
accordingly. Therefore, if using quite close actual eigenvalues when choosing p;, one may
fear that the corresponding estimated eigenvalues obtained for the output density matrix
be permuted due to estimation errors, so that the corresponding eigenvectors may then
be permuted accordingly. This is a major problem, because the intermediate estimate
U, related to the considered process, obtained at the output of this first step of our QPT
method, is primarily based on these eigenvectors. In this paper, we handle this problem as
follows: first, for the method imposed in Section 2.1, we select the value of p; in order to
limit that problem to the greatest extent that is possible within the frame of that method;
then, in Sects. 3 and 4, we propose more advanced methods that allow one to further
reduce that problem. So, for the method considered here, we choose eigenvalues that
are uniformly distributed (i.e. multiples of the same step, with zero excluded) , so as to
maximize the gap between any two adjacent values. Moreover constraining them to be
positive, with a sum equal to one and in decreasing order as explained above, it is easily
shown that one obtains the following values for the diagonal elements pq i« of p1:

20d—k+1)

PTG ke{l,...,d}. (C7)

P1,kk =

Appendix D Handling scale factors in the first part of the single-stage QPT
algorithm

Once one has performed the processing steps defined in Sect. 2.1 before its reference to
the present Appendix, the only indeterminacy that remains in U, with respect to U is an
unknown complex scale factor in each of its columns, since any such column belongs to
the adequate one-dimensional eigenspace and is therefore defined up to a complex scale
factor. Moreover, we create [72 so that each of its columns has unit norm. To this end, if
the considered eigendecomposition algorithm does not directly guarantee that this unit-
norm condition is met, we postprocess the value of U, that it yields, by dividing each
column of U by its norm. After this postprocessing, the scale factor of each column of U,
, with respect to the column of U that has the same index, reduces to a unit-modulus fac-
tor, i.e. a phase factor, because U is unitary and therefore all its columns have unit norm,
as those of 172. 172 then reads as shown in (4).
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Appendix E Preferred input ket for the second part of the single-stage QPT
algorithm

In the second step of our first method defined in Sect. 2.2, we select the input ket |¥;) as
follows. Based on the condition on nonzero components provided in Sect. 2.2 for | ¥ ), we
preferably select a state |¥;) with all component moduli as high as possible. Considering
positive real-valued components and taking into account that |¥;) has unit norm, this
yields a single solution: all components of |¥;) in the considered basis are equal to 1/v/d.

Appendix F Permutation and properties of the first part of the two-stage QPT
algorithm

We here address the first part of the two-stage QPT method described in Sect. 3.2. After
the processing steps described in that section, as in Sect. 2.1, we apply a joint permutation
to the diagonal elements of D, and to the columns of Vj, so that the values corresponding
to the diagonal elements of D4 become in nonincreasing order. Considering the resulting
complete set of values from the top to the bottom of the diagonal of the reordered version
of Dy, we thus get do successive subsets, with the same value repeated d; times in each
subset (in practice, these d; values may be slightly different, due to estimation errors),
and with different and decreasing values from one subset to the next one. In other words,
up to estimation errors, the reordered version of Dy is nothing but the matrix p; of (17).
Each subset of identical values along the diagonal of the obtained matrix (values equal to
eigenvalue 7,,,) has an index m1, with m; € {1,...,d2}, and consists of elements with
indices®

(m1 — ].)dl +ni, with ny € {1, . ,dl}. (F8)

Moreover, the corresponding matrix, derived from Vj, with reordered eigenvectors in
its columns is here again denoted as Us. Its subset of columns that also have the indices
defined by (F8) is a set of d; eigenvectors that form a basis of the d; -dimensional eigens-
pace of py associated with its eigenvalue r,,,. This eigenspace, obtained in the first part
of this method, is hereafter denoted as Sy 1, .

Importantly, S; ,,, also has the following relationship with the actual matrix U to be
identified. Eigenvectors corresponding to distinct eigenvalues are orthogonal for a nor-
mal matrix (see Theorem 3) and hence especially for a Hermitian matrix (see also [50] p.
171). This has the following consequence, considering that (1) and (17) define an eigen-
decomposition of po: each eigenvalue 7,,, of ps, with a multiplicity d, corresponds to a
d1-dimensional eigenspace 1) that is orthogonal to the eigenspaces defined by all other
eigenvalues and 2) that is the subspace defined by the columns of U that have the indices
defined by (F8). But this eigenspace is nothing but S ., since ps is equal to py (up to
estimation errors). This shows that this first part of our second type of methods does not
yet succeed in separately identifying each column of U, but it succeeds in finding a basis
for each of the dy subspaces S ,, that corresponds to a value mq, with my € {1,...,d2}
, and that is associated with the d; columns of U that have the indices defined by (F8).

®In this whole paper except Appendix H, the index of the first row and column of a matrix is equal to 1.
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Appendix G Variants of two-stage QPT methods

Since the columns of U are estimated independently, one may fear that they are not
exactly orthogonal, due to estimation errors. Then, Uy and hence Us are not unitary,
although they should be because they aim at estimating U, that is constrained to be uni-
tary. A first solution to this problem consists of postprocessing Uy, so as to determine a
best least-squares unitary approximation of Us. An algorithm that may be used to this
end is defined by Theorem 4. The resulting modified QPT method is called EQPT3 here-
after. A slightly different version consists of finding a unitary approximation of Us instead
of (74. The resulting QPT method is called EQPT4. The pseudo-codes of these two meth-
ods are provided in Sect. 6 of the Supplementary Document.

Appendix H Additional information for the proposed multi-stage methods

H.1 Relevance of the methods
In this appendix, we first show that the approach with ds = 2 that we proposed in Sect. 4,
based on subspace intersections, is relevant.

Each subspace Sy, m,, defined in Sect. 4 is associated with a set of columns of the pro-
cess matrix U to be identified, in the following sense. We consider a given arbitrary stage
of our algorithm, defined by the index b,, and the subset of columns of U that correspond
to (i.e. that have the same column indices as) a given arbitrary diagonal value T, of
the input density matrix p; when forming (1) . This subset of columns of U and T'm,, are
defined by the index my, € {1,2} . We then have the following property: the eigende-
composition plus reordering algorithm proposed in Sect. 4 yields a set of column vectors
associated with by and my,, that form a basis of a subspace denoted as SbN”bz , and that
subspace is also the subspace spanned by the columns of U associated with the index m;,
in the above-defined sense.

The analysis of the indices of these columns presented in the present appendix is made
easier by introducing the following modified notations, related to the expression of these
indices in base 2, which is motivated by the structure of the matrix p; based on powers
of 2 that was introduced in Sect. 4:

+ The index of the first row and first column of p; and U is here equal to 0 (instead of 1
in the other parts of this paper).

+ Each variable my,, used to split in two subsets the columns of p1, takes the values 1
and 2 (because here da = 2). With this, we here associate another binary variable,
that takes the values 0 and 1, namely pp, = myp, — 1.

+ When using the variable py,, the subspaces are denoted with the letter T, to avoid
any misunderstanding with the notation Sp,,m,, used above, especially when
considering explicit numerical values of their indices: for instance, 7y o is nothing but
So,1. More generally speaking, we have s, ,.,, = Sb,,m,,, Whatever the values of the
indices.With these notations, using the description provided in Sect. 4, the indices of
the columns of U corresponding to 7y, ,,,, may be shown to be

2bsb; + pp,bs +{0,...,(bs — 1)}

with b € {0,..., (b — 1)} (H9)
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This is more easily interpreted by indexing the stages of the algorithm in the reverse
order, thus introducing

by = bem, — by (H10)
where by, = log, d; is the maximum value of b; and therefore
dy = 2bem, (H11)
Using (29, 30, H11 and H10), we obtain
by = 2", (H12)
Also using (30), the column indices in (H9) may therefore be rewritten as

bi2(br+l) + ﬂszbT + {07 R (2177» - 1)}

with  b; € {0,..., (2% — 1)}. (H13)

This should be compared to the representation in base 2 of the index of any column of U
, that may be expressed as

bem

Z ;2 (H14)
=0

with each bit ¢; equal to 0 or 1. Eq. (H14) allows one to interpret the set of indices in
(H13), i.e. the set of indices of the columns of U that correspond to Si,,m,, = To, s,
, for given values of my,, by and hence b,, due to (H10): these column indices are all the
indices whose representation in base 2 is such that their bit ¢; with index j = b,. is con-
strained to be equal to p,, whereas all possible combinations are gathered in this set of
index values, for all the bits c; with indices j # b,. To summarize, in Sb[y""be’ only the bit
with index j = b, of the column index is imposed.

Then, we eventually aim at analyzing the intersections of (b, + 1) subspaces introduced
in Sect. 4. This may be rephrased as follows, using the notations introduced in the present
appendix. Each considered intersection of (bem + 1) subspaces Sb, m,, = To,,u, cOrTe-
sponds to one value of the set of indices {mo, . .., my,,, } and therefore {yo, ..., up,,, }. As
explained above, separately for each value of b, and hence of b,, the columns of U that are
kept in this intersection are those whose index represented in base 2 has a bit with index
j = b, thatis fixed and equal to py, . The intersection of the complete set of (by,,, + 1) sub-
spaces obtained when varying b, thus yields one and only one column of U, namely the
one whose bits are all defined by the selected complete set of values {uo, . . . , ip,,, }. This
also entails that, when successively considering the subspace intersections corresponding
to all values of {uo, ..., s, }> all columns of U are successively obtained. This proves
that the proposed method based on subspace intersections is guaranteed to completely
identify U (here again up to one phase factor per column, these phase factors being then
handled as in the other proposed methods).

The successive subspace intersections may be considered in such an order that the sets
of indices {uo, - .., t,,, } correspond to the representation in base 2 of the integers in
increasing order. Then, the columns of U are obtained with indices in increasing order.
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This is exactly what is obtained in the successive rows of Table 2 in the example provided
below.

H.2 Example

We here illustrate the above property and thus the proposed complete multi-stage meth-
ods by considering the case d = 8, dy = 2 and hence d; = 4 and (log, d; + 1) = 3 stages.
During the first stage, that corresponds to by = 0, the eigendecomposition allows one to
identify two subspaces So ., respectively with mo = 1 and my = 2, and that respectively
correspond to the following sets of 4 indices of columns of U: {1,2,3,4} and {5, 6,7, 8}.
Then, during the second stage, that corresponds to b, = 1, the eigendecomposition allows
one to identify two subspaces S ,,,, respectively with m; =1 and m; = 2, and that
respectively correspond to the following sets of 4 indices of columns of U: {1, 2, 5,6} and
{3,4,7,8}. Finally, the third stage, that corresponds to by = 2, yields the following sets of
4 indices of columns of U: {1, 3,5, 7} and {2, 4, 6,8}. We then derive the corresponding
subspace intersections, first considering Sp y,, N S1,m, as intermediate quantities, and
finally deriving So im, N S1,m; N S2,m,. All these intersections are listed in Table 2. This
proves that the proposed approach yields 8 intersections that are each restricted to one
column of U and that this set of intersections yields all the individual columns of U, as
required.

H.3: Pseudo-code

The above analysis also has the advantage of suggesting a possible structure for the soft-
ware program used to implement this multi-stage QPT method. This program has a
recursive structure, combined with a binary tree as follows. It is based on a recursive
function, with each call of this function corresponding to one value of the stage index
b, (and hence of b,) and to one bit of the binary representation (H14) of the index of
a column of U. In each such call, this function successively considers the two possible
values of that bit, that is 0 and 1. For each of them, it determines the intersection of the
subspaces with indices 0 to b (by determining the subspace with index b, and combining
it with the previously determined intersection of the subspaces with indices 0 to (b, — 1)
) and it recursively calls itself with this bit value. Successively performing this for each of
the two values of the considered bit creates two branches in the tree structure. In each
final call of this recursive function, i.e. each leave of the tree, all bits of the column index
are assigned, the function determines the corresponding complete subspace intersection
and sends it back as one column of the estimate of U. By gathering these columns at each

Table 2 Multi-stage QPT method

SO,mo 81’m1 82,m2 SO,mo N 81’m1 SO,mo N Sl,ml N 82,m2
{1,2,3,4} {1,2,5,6} {1,3,5,7} {1,2} {1}
{1,2,3,4} {1,2,5,6} {2,4,6,8} {1,2} {2}
{1,2,3,4} {3,4,7,8} {1,3,5,7} {3,4} {3}
{1,2,3,4} {3,4,7,8} {2,4,6,8} {3,4} {4}
{5,6,7,8} {1,2,5,6} {1,3,5,7} {5,6} {5}
{5,6,7,8} {1,2,5,6} {2,4,6,8} {5,6} {6}
{5,6,7,8} {3,4,7,8} {1,3,5,7} {7,8} {7}
{5,6,7,8} {3,4,7,8} {2,4,6,8} {7,8} {8}

Each column of the table contains the indices of the column vectors that correspond to the considered subspace or
subspace intersection defined in the first row of the table



Deville and Deville Discover Quantum Science (2026) 2:29 Page 32 of 41

level back from the recursion, the complete matrix that estimates U (up to phase factors
at this stage) is obtained.
The corresponding pseudo-code is provided in Algorithm 3 for the main part of the
program and Algorithm 4 for the recursive function.
Input :a) Set {poutp, } of estimates of output density matrices of process
(provided by QST and obtained for input density matrices defined
in Section 4): one estimate for each stage b, of recursion in

Algorithm 4, b) Estimate [¥5) of output ket |¥s) (provided by QST
and obtained for all components of input ket |¥1) equal to 1/v/d).

Output: Estimate (75 of quantum process matrix U.

begin
/* Exploit {poutb,}: */
Uy= EQPT5-sub(0, {pout., }0);
/* Exploit |Uy): */

W) = Uf W)
Us = O ding(|Ws) @ [91));
end
Algorithm 3 EQPT5-main: main part of fifth Eigenanalysis-based QPT algorithm
(composed of multiple stages). This version is for the case when the QST algorithm
provides estimates that meet the known properties of the actual quantities. Otherwise,
see text.
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Input : a) Index b, of recursion stage, b) Set {ﬁout,b[} of estimates of output density matrices
of process (see Algorithm 3), ¢) Matrix Z whose column vectors form a basis of
subspace intersection determined in previous stages of recursion (none in first stage).

Output: matrix ﬁpmt related to estimation of part of quantum process matrix U.

begin

/* Set auxiliary variables (using d: state space dimension; di = d/2): */

bom = logy di;

by, = 2°%¢;

bs = di1/bn;

/* Exploit single estimated output density matrix ﬁom,b[ corresponding to current stage

by of recursion: */

Eigendecomposition: derive 1) a diagonal matrix D4 that contains the eigenvalues of pout,b,

in an arbitrary order and 2) a matrix V4 whose columns are eigenvectors of ﬁout,bz in the

same order as eigenvalues;

Reorder the eigenvalues in D4 in nonincreasing order and apply the same permutation to the
columns of Vj to create the matrix Us,;

Store the first d; columns and last d; columns of (71,2 respectively in matrices ﬁbz(l) and
Ubg (2)7

/* Derive intersections Z(1) and Z(2) of subspaces defined by Up,(1) and Up,(2) with

subspace defined by Z (if any): */

if by = 0 then

Z(1) = Up, (1);

Z(2) = U, (2);

end

else

Z(1) = first bs column vectors provided by CCA of T and Uy, (1);

Z(2) = first bs column vectors provided by CCA of Z and [75[ (2);

end

if by < by, then

Upart(1) = EQPT5-sub (be + 1, {Pout,b, }» Z(1)) ;

Upart(2) = EQPTS5-sub (be + 1, {Pout,b, 1+ Z(2)) ;

end

else

/* If the CCA tool does not provide unit-norm vectors, then do it: */

Upart(1) = Z(1)/norm(Z(1));

Upart(2) = Z(2)/norm(Z(2));

end

Upart = concatenation of columns of ﬁp,”t(l) and ﬁpart(Q);

end

Algorithm 4 EQPT5-sub: recursively called sub-program of fifth Eigenanalysis-based QPT algorithm (composed
of multiple stages). This version is for the case when the QST algorithm provides estimates that meet the known
properties of the actual quantities. Otherwise, see text.

Appendix | Other performance criteria

1.1 Considered criteria

In Section 5, to analyze the error matrices (U — e (75) with an optimized value of 8, we
used a performance criterion based on the Frobenius norm of these error matrices. One
may want to consider other performance criteria. In particular, with each vector norm,
one may associate a corresponding matrix norm (see [50] p. 292) also called an operator
norm (see [50] p. 294). This especially allows one to define the matrix 2-norm (see [78] p.
57) also called the spectral norm (see [50] p. 295). For a given matrix M, that norm may
alternatively be defined as the square root of the largest eigenvalue of MM (see [50] p.
295, [78] p. 57) or as the largest singular value of M [82].

Whereas the concept of matrix 2-norm is thus completely defined, a problem then
arises in its use that we have to make in the present paper, for the following reason. As
in Sect. 5, we are here considering the error matrices (U — e (75), and we are looking
for the value of 6 that yields the best fit for Us with respect to U up to a free phase fac-
tor. We are therefore looking for the value of # that minimizes the considered norm of
(U — e U 5), that is, here, its 2-norm (instead of its Frobenius norm in Sect. 5). Therefore,
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as in Sect. 5, we do not initially consider a single matrix norm value but a continuum of
matrix norm values, that are the norms of the set of matrices (U — ¢* (70) obtained when
the angle 6 is varied over the interval [0, 27[, and we then aim at minimizing that type of
norm with respect to 6. When we used the Frobenius norm in Sect. 5, we were able to
derive the analytical expression of the optimum angle 6 with respect to that Frobenius
norm (see (36)). Therefore, in practice, we only had to compute a single value of the con-
sidered norm. In contrast, in the approach considered here, the problem we face is that
we (that is, the authors of this paper) cannot provide an analytical expression of the angle
0 that is optimum in the sense of the matrix 2-norm of (U — ei9(75). Moreover, it seems
quite unlikely that such an analytical expression might be derived by using the “standard
approach” in the following sense. As explained above, this 2-norm is defined with respect
to the largest eigenvalue of a matrix. Eigenvalues may be formally defined as the roots of
the characteristic polynomial of the considered matrix. The degree of that polynomial is
equal to the dimension of the considered matrix. The roots (and hence their largest value)
of that polynomial cannot be analytically derived here, since the dimension of the consid-
ered square matrix is arbitrary.

To solve this problem, we therefore propose three approaches hereafter. All of them are
based on the matrix 2-norm, so that their names start with “2norm” They differ in the
value(s) of the angle 6 used in the above-defined type of error matrices.

The first proposed performance criterion is defined as the 2-norm of the matrix
U - ewﬁg)) with 6 set to the value that is optimum in the sense of the Frobenius norm
and that is defined in (36). We (authors) cannot guarantee whether the value in (36) is also
optimum in the sense of the 2-norm (and our test results provided below clearly suggest it
is not). Therefore, the value obtained with this first approach for the 2-norm of the error
matrix is only considered as an approximation of the value that we are looking for. This
approach, denoted as 2norm-Fro, has the advantage of being simple and of resulting in a
low computation time. But it has the drawback of only providing an approximate value of
the target 2-norm, with an undefined accuracy.

Our second approach consists of performing a sweep on the values of #, computing the
corresponding values of the 2-norm of the matrix (U — e* ﬁg,) and keeping the minimum
of these values (as the value obtained for the best fit). More precisely, the considered
values of 6 are 27k/N,, where k =0, ..., (N — 1), and N is the considered number of
values of 6 over the range [0, 27[. N is a free parameter of the method and the accuracy
of this method is expected to generally increase when Ny increases. In the tests reported
below, this method, called 2norm-sweep, is considered to be of interest as compared with
the 2norm-Fro method only when the value of the 2-norm that it yields is lower than or
equal to the approximate value provided by the 2norm-Fro method (i.e. when 2norm-
sweep vields a better fit than 2norm-Fro). The advantage of the 2norm-sweep method is
that is can be made accurate by using a high enough value of N, but the price to pay to
this end is its expected computational complexity, that may be justified as follows. First,
even for a single value of Ny, the 2norm-sweep approach requires one to compute N,
values of matrix 2-norms (instead of only one for the 2norm-Fro method). Moreover, as
explained above, we want to operate that 2norm-sweep method so that it meets a condi-
tion (namely, it should provide a lower 2-norm value than 2norm-Fro). To this end, we
reapeatedly apply the 2norm-sweep method, with increasing values of N, until the above

condition is met.
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Our third method also computes the 2-norm of the matrix (U — e* [75) for several val-
ues of 0, but these values are then automatically selected by an algorithm, and this is
expected to reduce the number of tested values of § as compared with 2norm-sweep.
More precisely, we here use the Nelder-Mead (NM) algorithm, as implemented in the
“fminsearch” function of the Matlab software (with its default parameter values), with a
cost function defined as the 2-norm of the matrix (U — ei9175), where U and Us are fixed,
and 6 is varied. The NM algorithm automatically varies € so as to minimize the above cost
function and provides its minimum value. The “fminsearch” Matlab function used here
requires one to provide the initial value of #, which should be set to a “guess” or approxi-
mation of the desired value. We here set it to the value that is optimum for the Frobenius
norm and defined in (36). This third method is hereafter called 2norm-NM. As compared
with 2norm-Fro, 2norm-NM has the advantage of being most probably more accurate,
because it starts from the value of  that is the solution of 2norm-Fro and then aims at
refining it (for the 2-norm considered here). However, 2norm-NM is slower than 2norm-
Fro, because it requires several evaluations of 2-norms. This also shows the usefulness
of 2norm-Fro: even if one would only like to use 2norm-NM, as explained above, the
2norm-Fro method is also required, to provide the initial value of # used in 2norm-NM.
As compared with 2norm-sweep, 2norm-NM may be hoped to yield a lower computation
time, by using a lower number of values of # where 2-norms are computed, but this has to
be experimentally confirmed, which is done further in this appendix. In contrast, 2norm-
sweep may be used (when it is not too slow) to provide a “ground truth with controlled
accuracy’, since its accuracy is expected to increase with Vg, as explained above. This may
be used, at least with some tests, to check that, as 2norm-NM operates with values of ¢
that are not controlled by the user, it succeeds in converging to a value of its 2-norm (i.e.
cost function) that is similar to, or hopefully even lower than, the approximate but accu-
rate value provided by 2norm-sweep for a “high” value of N, (where the required range of
values of N, is derived from tests, as shown below).

1.2 Generic tests

1.2.1 Test conditions
Two types of tests were performed, in order to 1) first check and refine the above state-
ments about the considered three methods for computing 2-norms, using a generic setup
at this stage, and 2) then derive their performance when focusing on the application of
these tools to QPT.

Table 3 Values of two performance parameters (vs. number of qubits), namely: 1) Execution

times (per elementary test) of all three tested methods (2norm-Fro, 2norm-sweep, 2norm-NM)

that compute performance criteria related to the 2-norm of the error matrix, and 2) Only for the
2norm-sweep method, minimum tested value of N, (see text) for which 2norm-sweep yields better
performance than 2norm-Fro

Method, parameter Number of qubits

2 3 6 12
2norm-Fro, execution time 32 pus 36 pus 560 us 94 s
2norm-sweep, execution time 1.1s 046 s 0.20s 1h14mn
2norm-sweep, minimum Ng 200 000 50000 500 500

2norm-NM, execution time 480 pus 580 us 9.0ms 2mn30s
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The first type of tests, corresponding to the above-mentioned generic setup, is reported
here. In this first type of tests, each elementary test uses two matrices, that respectively
correspond to U and Us in our final application to QPT, and that are therefore denoted in
the same way hereafter, but that are in fact not yet actually derived from QPT in this first
type of tests. U is a randomly drawn d x d matrix. Each of its elements is real-valued and
randomly, uniformly, drawn in the range [0, 1]. Us is set to

Us = /AU + 0.01R (115)

when R is a random matrix drawn with the same dimension and statistics as U. In this
first type of tests, this allows us to create a simple and realistic simulation of an estimate
Us of U, without yet running a QPT algorithm, whereas such an algorithm will be actu-
ally used in our second type of tests, further in this appendix. In (I15), the phase factor
¢™/* models the phase indeterminacy of QPT and R models estimation errors faced in
QPT. For each considered value of d, 100 such elementary tests were performed, each
with different, randomly drawn, matrices U and R. For each configuration, the execu-
tion time provided below is the mean, over all 100 elementary tests, of the execution
time for a single elementary test. These execution times were measured for the same
hardware and software environment as in Sect. 5. Moreover, as in Sect. 5, the above-
defined protocol was repeated for several values of the state space dimension d that take
the form d = 29, where ¢ is the equivalent number of qubits. Here, only a few values of ¢
are considered, especially in order to determine the general trend of the dependence of
the execution time with respect to gq.

1.2.2 Test results

Based on the above discussion, the 2norm-sweep method is here stated to “succeed”
in a given configuration if it yields a 2-norm (of the error matrix) lower than or equal
to that of the 2norm-Fro method for each of the 100 elementary tests performed in that
configuration. Otherwise, it it stated to “fail” in that configuration. Table 3 shows results
obtained in the above-defined conditions. For the 2norm-sweep method, the execution
time reported in Table 3 is the one corresponding to the minimum value of N, needed
for 2norm-sweep to succeed, when only testing values of N, equal to 1, 2 and 5 in each
decade, that is, e.g., 100, 200, 500, 1000, 2000, 5000 and so on.

For this first type of tests, Table 3 and our other test results yield the following conclu-
sions about all three tested methods, from the point of view of their execution time and
accuracy. Table 3 first shows that, in order to succeed, 2norm-sweep requires an execu-
tion time that is always much higher than those of 2norm-Fro and 2norm-NM, and even
unacceptably high in some configurations. In particular, for ¢ = 12 qubits, the total exe-
cution time for applying 2norm-sweep to all 100 elementary tests is higher than 5 days.
Moreover, this execution time is obtained when only considering the value of N; that is
finally kept (and provided in Table 3). But, to determine that value, one must moreover
repeat this processing for various values of N, which increases the overall execution
time. Besides, without prior knowledge, N; must be varied in a wide range, since the
adequate value of N; highly depends on the considered value of ¢, as shown by Table 3.

Moreover, when paying the price of using 2norm-sweep with values of N, that are high
enough to make that 2norm-sweep method succeed, it does not yield any significant
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Fig. 3 Normalized Root Mean Square Error (NRMSE, black solid lines) and 2-norm of error matrix (blue dash doted
lines), when estimating the process matrix U with the proposed Quantum Process Tomography (QPT) method
called EQPTT, vs. number g of qubits, for several values of the parameter w that defines the magnitude of the
estimation errors of Quantum State Tomography (QST)

improvement in terms of accuracy as compared with the 2norm-NM method. More pre-
cisely, for some of the 100 elementary tests, 2norm-sweep yields a lower 2-norm than the
2norm-NM method, but anyway the relative difference® between their 2-norms is very low,
since it spans the range [—4 x 107°,2 x 107°] for¢ = 2 or3and [-8 x 1073, -2 x 1077]
for ¢ = 6 or 12, over all 100 elementary tests and considered values of N;. Still in the
case when it succeeds, 2norm-sweep yields a lower 2-norm than 2norm-Fro for all 100
elementary tests by definition, but the relative difference’ between their 2-norms is lim-
ited, since it spans the range [—4.5%, 0], over all 100 elementary tests and considered
configurations (i.e. values of N and q).

It may also be noted that, when it fails, 2norm-sweep yields very poor performance.
On each elementary test, it turns out to yield a higher 2-norm than the 2norm-Fro and
2norm-NM methods. Moreover, the relative difference between the 2-norms provided
by 2norm-sweep and 2norm-Fro is very high, since it spans the range [12%, 28%)], over
all 100 elementary tests and considered configurations (i.e. values of N; and g). The rela-
tive difference between the 2-norms provided by 2norm-sweep and 2norm-NM is even
higher, since it spans the range [—41%, —15%)], over all 100 elementary tests and consid-
ered configurations (i.e. values of Vs and g).

Based on the above-mentioned results about execution time and accuracy, the 2norm-
NM method appears to be much more attractive than 2norm-sweep. Moreover, the results
obtained with 2norm-NM seem to be safe, based on their comparison to those provided
by 2norm-sweep: when operating 2norm-sweep with a high value of IV, it is expected to
yield an accurate value of the actual 2-norm to be estimated; since 2norm-NM turns out
to yield almost the same performance as 2norm-sweep in that case, this suggests than the
NM algorithm does succeed in converging to a relevant solution in all our tests.

®This relative difference is defined as “(2norm-NM - 2norm-sweep) / 2norm-NM’, where “2norm-sweep” and
“2norm-NM” are the values of the 2-norm provided by our considered two methods.

7'This relative difference is defined as “(2norm-sweep - 2norm-Fro) / 2norm-sweep’, where “2norm-Fro"” and “2norm-
sweep” are the values of the 2-norm provided by our considered two methods.
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Now, as compared with 2norm-Fro, the 2norm-NM method always yields a lower
2-norm and the relative difference® between these norms spans the range [—4.5%, 0].
The 2norm-NM method is therefore somewhat more accurate than 2norm-Fro, and safer
because it aims at estimating the actual 2-norm of interest, whereas 2norm-Fro is not
guaranteed to estimate it. More precisely, the difference between the 2-norms respec-
tively obtained with 2norm-Fro and 2norm-NM is not negligible, which tends to confirm
that the value of 6 that is optimum with respect to the Frobenius norm of the error matrix
(see (36)) and used in the 2norm-Fro method is actually different from the value of ¢
that we aim at estimating here, that is estimated by the 2norm-NM method and that is
optimum with respect to the 2-norm of the error matrix. The execution time required by
2norm-NM to achieve the above features is significantly higher than that of 2norm-Fro
but remains acceptable, as shown by Table 3.

As the final conclusion for this first type of tests, our preferred method (for the consid-
ered numbers of qubits) is therefore 2norm-NM (and one should keep in mind that it uses
2norm-Fro for its initialization). Instead, the 2norm-Fro method could be used alone,
to decrease computation time but at the expense of providing a less accurate solution.
Finally, the 2norm-sweep method is not recommended. Therefore, in the application of
these tools to QPT reported hereafter, we put the emphasis on 2norm-NM and we provide

some additional information about 2norm-Fro, but we do not consider 2norm-sweep.

1.3 Application to QPT

We here use the same test conditions as in Sect. 5, and we consider the EQPT1 method,
as an example. The performance thus obtained in terms on NRMSE is therefore the same
as in Sect. 5. In addition, we mainly compare it to the values of 2-norms provided by our
2norm-NM method. The corresponding results are provided in Fig. 3. The main conclu-
sion to be drawn from this figure is that the curves respectively associated with NRMSE
and 2-norm (as computed by 2norm-NM) for any given value of w are more or less paral-
lel in this semilogarithmic representation (and rather close), which means that the ratio
between these two parameters does not vary much over the wide range of variation of
these parameters (and that this ratio is not very high). Therefore, the 2-norm param-
eter does not bring much information in addition to the information already provided by
NRMSE.

In addition, our 2norm-Fro and 2norm-NM methods here compare as follows. What-
ever the values of w and of the number ¢ of qubits, for each of the 100 elementary tests,
the 2-norm provided by 2norm-NM is lower than or equal to the 2-norm provided by
2norm-Fro. This again tends to show that the Nelder-Mead (NM) algorithm converged to
a relevant value and, at least, this proves that it always performs better than 2norm-Fro
in the considered tests. Here again, 2norm-NM is therefore the preferred method. More-
over, the relative difference between the results of 2norm-Fro and 2norm-NM is in the
range [—24%, 0]. There exist various cases where 2norm-NM yields a quite significantly
lower 2-norm than 2norm-Fro, which is an additional motivation for preferably using
2norm-NM.

8This relative difference is defined as “(2norm-NM - 2norm-Fro) / 2norm-NM’, where “2norm-Fro" and “2norm-
NM?” are the values of the 2-norm provided by our considered two methods.
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