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S U M M A R Y
Stochastic tomography can provide crucial information on the small-scale structures at the
base of the mantle that are still beyond the reach of deterministic imaging. For this purpose,
we relate differential traveltime variances of core phases to the correlation function of velocity
heterogeneities at the base of the mantle. A global data set of PKP traveltimes is then used
to invert for statistical properties of velocity perturbations in the D′′ layer. We find that the
average thickness of D′′ is 350 ± 50 km with 1.2 ± 0.3 per cent rms velocity perturbations.
The horizontal correlation length is 3◦ ± 1◦ and the vertical correlation length 150 ± 75 km.
The statistical analysis of the traveltimes of core phases reveals a much stronger energy at
short wavelengths compared to global tomographic models, which is in good agreement with
the results of most studies of the seismic wavefield scattered at the base of the mantle, based
upon the analysis of PKP precursors.

Key words: Probability distributions; Mantle processes; Body waves; Seismic tomography;
Statistical seismology.

1 I N T RO D U C T I O N

While the long-wavelength structures in the lower mantle have long
been known (Dziewonski et al. 1977), the resolution in global tomo-
graphic models, despite tremendous and continuous improvements
during the last decades, is still limited to about ∼1000 km. The
current view of the lower mantle is dominated by two broad regions
with lower than average seismic velocities and sharp boundaries,
beneath the Pacific and Africa. The stability of these large struc-
tures over long periods of time requires higher than average den-
sities relative to surrounding mantle (Le Bars & Davaille 2004).
Hotspots seem to be preferentially located along the boundaries of
the African and Pacific superswells, where the shear-velocity gra-
dients in tomographic models are the strongest (Thorne & Garnero
2004). Therefore, long wavelength structures imaged at the base
of the mantle suggest the presence of both thermal and chemical
heterogeneities. The recently discovered phase transformation of
perovskite to postperovskite near 120 GPa (Murakami et al. 2004)
resulted in a profound revolution in our understanding of the D′′

layer and offered a simple explanation for the existence of the D′′

discontinuity (Lay & Helmberger 1983) which remained a puz-
zle for geophysicists. Other puzzling observations are the so-called
ultralow velocity zones (ULVZ) in which P and S velocities are
reduced by up to 10 and 30 per cent, respectively, which have been
imaged in several places on top of the CMB (Thorne & Garnero
2004). The different mechanisms that have been proposed to pro-
duce the ULVZs are partial melt (Williams & Garnero 1996), chem-
ical reaction with the liquid outer core (Knittle & Jeanloz 1991) and
sedimentation of light materials underside the CMB (Buffett et al.

2000). Labrosse et al. (2007) have recently proposed that the ULVZ
regions are the remnants of the primitive magma ocean that would
have sedimented through the mantle and accumulated on top of the
CMB. So there is now growing evidence that the base of the man-
tle is complex, with a significant level of heterogeneity beyond the
resolution limit of current tomographic models. Constraining these
small-scale structures is important because it is key to understand-
ing the nature and structure of the D′′ layer and its role in the global
dynamics of the mantle. While the introduction of finite-frequency
effects in seismic tomography (Montelli et al. 2004) has generated
great hopes and fueled many efforts to improve the resolution of
tomographic models, the results obtained so far remain disappoint-
ing, owing to the poor quality of available global traveltime data
sets and to the coarse parametrization used in global tomography.

Statistical analysis of traveltime data can potentially provide im-
portant constraints on the distribution of seismic heterogeneities,
in particular in the short wavelength limit that is still beyond the
reach of deterministic imaging. The idea of statistical or stochastic
tomography is not new. For example, from the variances of travel-
times residuals in the ISC data, Gudmundsson et al. (1990) inverted
the correlation function of seismic velocity heterogeneities and its
depth variations. They found a very small level of heterogeneity
in the lower mantle, about 0.1 per cent, at a characteristic scale
of about 1000 km. On the other hand, they found a stronger het-
erogeneity in the D′′ layer, with velocity variations of 0.3 per cent
and a correlation length of 350 km. Other interesting information
comes from the analysis of PKP precursors which arrive in a time
window where direct waves are absent. This provides a unique
opportunity to characterize scatterers in the deep Earth. Some of
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the older studies suggested that the whole mantle contributes to
scattering (Doornbos & Vlaar 1973) while others favoured the D′′

region (Haddon & Cleary 1974). More recent statistical studies of
PKP precursors seem to agree on the whole mantle hypothesis but
proposed very different heterogeneity levels (Hedlin et al. 1997;
Cormier 1999; Margerin & Nolet 2003). A detailed array analysis
of a high quality doublet of earthquakes located the source of scat-
tering at the base of the mantle, around the edges of the subducted
slab beneath North America (Cao & Romanowicz 2007). Part of the
discrepancies between these studies may result from the fact that the
different types of seismic observables are sensitive to different part
of Earth’s heterospectrum, and from the different scattering theo-
ries used to interpret the data. Thus, the distribution and strength of
heterogeneities in the mantle remains controversial.

In this study, we use a global data set of PKP traveltimes ob-
tained by a non-linear waveform inversion of seismological records
(Garcia et al. 2006). Differential traveltimes of PKP waves have
a strong sensitivity to velocity heterogeneities at the base of the
mantle (Bréger et al. 1999; Tkalčić et al. 2002). However, the
uneven coverage of the base of the mantle obtained by consider-
ing PKP waves only, combined to the ambiguity between source
and receiver legs, preclude a direct tomographic inversion. On the
other hand, since differential PKP traveltimes sample D′′ layer in
a wide range of scales, they can be used to constrain the correla-
tion function or the spectrum of seismic heterogeneities. We first
formulate an inverse problem, which relates linearly the variances
of differential traveltimes of core phases to the correlation function
of seismic velocity perturbations. By introducing a simplified de-
scription of the correlation function, the number of free parameters
can be strongly reduced. Indeed, the statistical description of D′′

heterogeneity only involves five parameters: the D′′ thickness and
heterogeneity level, the horizontal and vertical correlation lengths,
and a Hurst coefficient which describes the shape of the correlation
function. However, owing to the proximity of the paths above D′′,
we can only constrain the heterogeneity level in the lower mantle.
The thickness, horizontal correlation length and heterogeneity level
of the D′′ layer are all very well constrained at about 350 km, 3◦ and
1.2 per cent, respectively, in rather good agreement with previous
studies. The other parameters are poorly constrained, but our data
suggest a rather small heterogeneity in the lower mantle, about one
order of magnitude smaller than in the D′′ layer.

2 T H E O R E T I C A L B A C KG RO U N D

2.1 General formulation

Fréchet kernels allow us to relate traveltime residuals of core phases
to seismic velocity perturbations inside the Earth

δt j
i =

∫
VE

K (pi )
j (r)

δV

V
(r)dr. (1)

In this expression, δt j
i is the traveltime residual of core phase i

(we consider the three PKP branches: PKPab, PKPbc and PKPdf)
for source–receiver path j, relative to a reference earth model. The
vector r indicates the position inside the Earth (vectors are noted in
bold), K (pi)j(r) is the sensitivity kernel of phase i and ray parameter
pi ,

δV
V (r) is the velocity perturbation and the integral (1) is taken

over the whole volume of the Earth V E.
From (1), we deduce the expression for the differential traveltime

between two core phases (1 and 2) with the same source–receiver

geometry j

δt j
1 − δt j

2 =
∫

VE

[
K (p1) j (r) − K (p2) j (r)

] δV

V
(r)dr

=
∫

VE

K j
d (p1, p2, r)

δV

V
(r)dr,

(2)

where K j
d(p1, p2, r) = K (p1) j(r) − K (p2) j(r) is the sensitivity

kernel for the differential traveltime. Using a global data set of
PKP differential travel times, we can compute 〈(δt1 − δt2)2〉 for
different epicentral distances, corresponding to various values of
parameters p1 and p2. This quantity is the differential traveltime
variance if the average differential traveltimes are zero. By using
eq. (2), and under the hypothesis that the kernels K j

d(p1, p2, r) and
velocity perturbations δV

V (r) are uncorrelated zero mean functions,
we obtain〈
(δt j

1 − δt j
2 )2

〉
=

〈(∫
VE

K j
d (p1, p2, r)

δV

V
(r)dr

)2
〉

=
∫

VE

∫
VE

Kd (p1, p2, r1)Kd (p1, p2, r2)

×
〈
δV

V
(r1)

δV

V
(r2)

〉
dr1dr2. (3)

The cross-product K d(p1, p2, r1)K d(p1, p2, r2) is the autocor-
relation function of differential sensitivity kernels. It can be taken
out of the statistical average because it is constant for given values
of ray parameters p1 and p2, or for given source and receiver po-
sitions. Therefore, if the function inside the integral (3) is rotated
in the source–receiver reference frame before computing the statis-
tical average, the autocorrelation function of differential kernels is
the same for all differential traveltimes corresponding to the same
couple of ray parameters (p1, p2).

At this point, the hypothesis of statistical independence between
differential traveltime sensitivity kernels and velocity perturbations
should be discussed, because the uneven data coverage can create
spurious correlations between kernels and heterogeneities. Indeed,
earthquakes most frequently occur in the Pacific ring subduction
zones, and are recorded by stations on continents. Consequently,
correlation between sampled heterogeneities and sensitivity kernels
is likely to occur, in particular in the source and receiver regions.
However, the differential traveltime sensitivity kernels have very
small amplitudes close to the source and receiver, and the contri-
bution of these regions to the correlation is negligible. In any case,
care must be taken to ensure the best possible homogeneous data
distribution before statistical averaging.

By using the autocorrelation functions of the differential kernels

AK (p1, p2, r, �r) = Kd (p1, p2, r)Kd (p1, p2, r + �r) (4)

and of the velocity perturbations

C(r, �r) =
〈
δV

V
(r)

δV

V
(r + �r)

〉
, (5)

we obtain the following expression:〈
(δt1 − δt2)2

〉 =
∫

VE

∫
�VE

AK (p1, p2, r, �r)C(r, �r)drd�r, (6)

where �V E is the whole volume of the Earth covered by the vector
variable �r. This integral equation relates linearly the variances
of differential traveltime residuals to the autocorrelation function
of traveltime heterogeneities through known autocorrelations of
the differential traveltime sensitivity kernels. Therefore, by using
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different couples of ray parameters (p1, p2) one can formulate an
inverse linear problem and find the correlation function of velocity
perturbations.

2.2 Ray theory framework

Computation of finite frequency sensitivity kernels of PKP core
phases for dominant periods of the order of 1 s is difficult owing to
the B caustic and to the diffractions at the base of the mantle and at
the inner core boundary, close to points A and C (Calvet & Chevrot
2005). Therefore, we will hereafter simplify the problem and com-
pute the traveltime kernels with ray theory (at infinite frequency).
In that case, traveltimes residuals are only sensitive to structures
along the ray path, and the sensitivity kernels are defined by

K (pi )
j (r) = − η2

r
√

η2 − p2
i

δ[θ − θ j (r )]δ[φ − φ j (r )]

r 2 sin(θ )
, (7)

where η = η(r ) = r
V (r ) is the local slowness, δ(x) the Dirac delta

function and θ j(r ) and φj(r ) the angular positions along the ray as a
function of radius r.

To further simplify eq. (7), we assume that the correlation of
velocity perturbations depends only on the distance between points
r1 and r2, varies with radius r only, and is isotropic in the radial and
lateral directions. Under these hypotheses, the correlation function
can be written as

C(r, �r) = C(r,�r, ��), (8)

where �r and �� are the radial and angular distances between
points r1 and r2, respectively.

By using eqs (8) and (9), and after straightforward algebra, we
can rewrite eq. (7) as

〈
(δt1 − δt2)2

〉 =
∫ r0

rCMB

∫ r0−r

rCMB−r

∫ π

0
RK (p1, p2, r,�r,��)

× C(r,�r,��)drd�rd��, (9)

where rCMB and r0 are, respectively, the radii of the core–mantle
boundary (CMB) and of the Earth’s surface. Owing to the Dirac
delta distributions, the autocorrelation of the differential traveltime
sensitivity kernel RK(p1, p2, r , �r , ��) is non-zero only on four
surfaces in the (r , �r , ��) space corresponding to autocorrela-
tions of kernels K (p1)(r) and K (p2)(r) (two surfaces), and cross-
correlations of kernels K (p1)(r) and K (p2)(r), and K (p2)(r) and
K (p1)(r) (two other surfaces). These functions are defined by

(i) RK11(p1, p2, r, �r,��) = η2(r )

r
√

η2(r )−p2
1

η2(r+�r )

(r+�r )
√

η2(r+�r )−p2
1

δ[��−��11(r, �r )] if a point on ray 1 is distant by [�r , ��11(r ,
�r )] from the point on ray 1 at radius r, and zero elsewhere.

(ii) RK22(p1, p2, r, �r,��) = η2(r )

r
√

η2(r )−p2
2

η2(r+�r )

(r+�r )
√

η2(r+�r )−p2
2

δ[��−��22(r, �r )] if a point on ray 2 is distant by [�r , ��22(r ,
�r )] from the point on ray 2 at radius r, and zero elsewhere.

(iii) RK12(p1, p2, r, �r,��) = − η2(r )

r
√

η2(r )−p2
1

η2(r+�r )

(r+�r )
√

η2(r+�r )−p2
2

δ[��−��12(r, �r )] if a point on ray 2 is distant by [�r , ��12(r ,
�r )] from the point on ray 1 at radius r, and zero elsewhere.

(iv) RK21(p1, p2, r,�r, ��) = − η2(r )

r
√

η2(r )−p2
2

η2(r+�r )

(r+�r )
√

η2(r+�r )−p2
1

δ[��−��21(r, �r )] if a point on ray 1 is distant by [�r , ��21(r ,
�r )] from the point on ray 2 at radius r, and zero elsewhere.

So, RK = RK 11 + RK 22 + RK 12 + RK 21, and, at a given radius
r, this function is non-zero only along four curves in the (�r , ��)

plane. Examples of these curves are shown in Fig. 1 for PKP(BC-
DF) traveltime residual at 150◦ epicentral distance, and at 2740
and 660 km depths. The autocorrelation functions RK11 and RK22

have positive contributions centred on the origin, whereas cross-
correlation functions RK12 and RK21 have negative contributions
centred on the theoretical distance between the two rays at that
depth. If the distance between the two rays at a certain depth r0 is
smaller than the correlation length of C(r 0, �r , ��), the velocity
heterogeneities are completely correlated, and their contribution to
eq. (9) cancels out by summation of positive and negative parts
of RK. The examples shown in Fig. 1 demonstrate that PKP(BC-
DF) differential traveltimes have a low sensitivity to upper-mantle
heterogeneities if the correlation length is larger than 100 km in this
part of the mantle. This figure also demonstrates that core phases
have a low sensitivity to the radial dependence of the correlation
function C(r , �r , ��), because the almost vertical ray paths imply
that the sum of the functions RK ij at a given value of �r almost
cancels out.

2.3 Constraints on the correlation function

In order to simplify (6) into (9), we assumed that the correlation
function varies only with radius r and distance between the two
points, and that it is isotropic in the lateral and radial directions.
In addition to these constraints, the correlation function is positive
definite. However, because the velocity perturbations have a zero
mean on the sphere, the correlation function must have a null zero-
order spherical harmonic coefficient (Müller et al. 1992; Röhm
1999). As a result, the correlation function on a finite volume (the
sphere) is only semi positive definite. Consequently, the zero order
spherical harmonic coefficient is zero, and all remaining spherical
harmonic coefficients are strictly positive.

In order to invert eq. (9) for the lateral correlation function of
velocity perturbations, we introduce an analytic expression of the
correlation function, involving a limited number of free parameters.
We use Von Karman’s correlation functions (Becker et al. 2007)

ρλ,ν(x) = 2(1−ν)(x/λ)ν
Kν(x/λ)

�(ν)
, (10)

where x is the cartesian distance between two points, λ the cor-
relation length, ν ∈ [0, 1] the Hurst coefficient controlling the
shape of the function, K ν the modified Bessel function of sec-
ond kind and rational order ν and � the gamma function. Replacing
the cartesian distance x by the cordal distance 2 sin( ��

2 ), where
�� is the angular distance, and the correlation length λ by its
cordal counterpart 2 sin( 


2 ), we obtain a positive definite correla-
tion function on the sphere (Weber & Talkner 1993; Gaspari &
Cohn 1999)

�
,ν(��) = ρ2 sin( 

2 ),ν

(
2 sin

��

2

)
. (11)

In order to fulfil the null zero-order spherical harmonic coef-
ficient constraint, this function is projected into the space of
null zero-order coefficient functions and scaled to unity at the
origin in order to insure perfect correlation at zero angular
distance

�
,ν(��) = �
,ν(��) − α I

1 − α
. (12)

In this expression, I is the constant function on the sphere, and

α = (〈I, �
,ν〉/〈I, I 〉). (13)
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Figure 1. Autocorrelation function RK (p1, p2, r , �r , ��) of PKP(BC-DF) traveltime residual kernel at 150◦ epicentral distance, for a source at 256 km
depth, plotted at r = 3631 km (on the left-hand panel) and at r = 5711 km (on the right-hand panel). Colour scale goes from red (positive) to blue (negative),
it gives the value of the RK function. The circles centred on the origin simulate a correlation function of velocity heterogeneities with correlation lengths of
100 km (plain line), 200 km (dashed line) and 400 km (dotted line).

Consequently, the function �
,ν(��) is semi-positive definite on
the sphere with all spherical harmonic coefficients positive except
a null coefficient for order zero.

Owing to the poor sensitivity of core phases differential travel-
times to the radial variations of the correlation function, we assume
a simple 1-D exponential correlation function along radial coordi-
nate �r with a radial correlation length Lc. In order to separate
lower-mantle heterogeneities from the ones in D′′, the correlation
function is written as follows:

(i) C(r,�r, ��) = σ 2
me− �r

Lc for r > rCMB + hD′′ (perfect corre-
lation along the horizontal direction in the mantle),

(ii) C(r,�r, ��) = σ 2
ε e− �r

Lc �
,ν(��) for rCMB < r < rCMB +
hD′′ (�
,ν angular correlation function in D′′ layer) and

(iii) C(r , �r , ��) = 0 elsewhere (no effect of core structure, and
no radial correlation between D′′ layer and the rest of the mantle),

where C(r , �r , ��) is the two point correlation function of veloc-
ity heterogeneities, Lc the radial correlation length, σ m the lower-
mantle heterogeneity level, hD′′ the thickness of D′′ layer, 
, ν

and σ ε the correlation length, Hurst coefficient and heterogeneity
level inside D′′ layer, respectively. Thus, the free parameters are Lc,
σ m, hD′′ , 
, ν and σ ε . By using these parameters, eq. (9) can be
integrated to provide estimates of the traveltime residual variances.

3 DATA S E T

The core phase traveltime data are taken from a recently published
global study based upon non-linear waveform inversion (Garcia
et al. 2006), and from traveltime residuals collected by the Interna-

tional Seismological Center (ISC) and reprocessed by Engdahl, van
der Hilst and Buland (Engdahl et al. 1998) hereafter referred to as
EHB. Epicentral distances smaller than 146◦ are excluded to avoid
phase misidentifications around the PKP triplication. Differential
traveltimes involving PKP(BC) and PKP(AB) phases are, respec-
tively, excluded for epicentral distances larger than 152◦ and 166◦,
to avoid unmodelled finite frequency diffraction effects at the inner
core and core–mantle boundaries. In order to limit the influence of
outliers, EHB traveltime residuals with picking errors smaller than
0.01 s and absolute values smaller than 5 s are selected. Similarly,
waveform data are selected by imposing traveltime measurement
errors smaller than 0.2 s, and correlation coefficients between ob-
served and synthetic seismograms larger than 0.7.

Only PKP(DF) ray paths within 30◦ of equatorial plane are se-
lected to avoid contamination by inner core anisotropy, and travel-
times are corrected for the hemispherical inner core structure with a
±0.2 s correction at epicentral distances smaller than 152◦ (Niu &
Wen 2001; Garcia 2002). The selected differential traveltime resid-
uals are plotted as a function of epicentral distance in Fig. 2. In
this plot, the differential traveltime variance is varying with core
phases and epicentral distance. Differential traveltime variances are
computed from summary ray residuals constructed for each event
within 2◦ bins in azimuth at the source in order to balance the rela-
tive weights between sparse and dense data sampling areas, and to
reduce the noise level as much as possible. These summary residuals
are then separated in different bins according to the ray parameter
of PKPdf phase. The variance within each bin and its related error
are computed by a bootstrap method (Efron & Tibshirani 1993).
Variance estimates with less than 50 summary ray residuals are
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Figure 2. Differential traveltimes residuals of PKP(AB-DF) (top panel), PKP(BC-DF) (bottom left-hand panel), PKP(AB-BC) (bottom right-hand panel) as a
function of epicentral distance (in degrees) for the waveform data set of Garcia et al. (2006).

excluded. Logarithm of variance as a function of angular distance
between two rays at the CMB are plotted in Fig. 3. This distance
gives an idea of the sampling of the correlation function along the
horizontal direction at the base of the mantle.

Observed differential traveltime variance is given by the sum of
noise variance and differential traveltime variance produced by ve-
locity heterogeneities inside the Earth. In order to apply our analysis
on differential traveltime variances, Earth’s signal must dominate
noise. As shown in Fig. 3, the variances obtained from EHB data
are five times larger than the ones obtained from our data set which
suggests that EHB data are too noisy to be used in the inversion.

At short distances, standard deviations are small because the
two phases are very close and sample the same D′′ heterogeneities.
However, the variance increases with increasing distance to reach a
slowly increasing region in which the core phases sample completely
uncorrelated heterogeneities. The strong increase of the standard de-
viation for angular distances around 6◦ suggests that the correlation
length of D′′ heterogeneities is close to this value.

4 I N V E R S I O N A N D R E S U LT S

The logarithms of differential traveltime variances are inverted by a
grid search method over the parameter space. Logarithms are used
to insure the positivity of differential traveltime variances. The cost

function is defined by

χ 2 =
N∑

i=1

(
LV i

d − LV i
m

)2

σ 2
LV i

d

, (14)

where N = 13 is the number of differential traveltime variances,
LV i

d and LV i
m are, respectively, the observed and modeled loga-

rithms of differential traveltime variances from eq. (9) using the six
parameters Lc, σ m, hD′′ , 
, ν, σ ε . Parameter σLV i

d
is the error on

LV i
d . The fit obtained with the best model is shown in Fig. 3. The

optimal values of the parameters are σ m = 0 per cent, hD′′ = 400 km,

 = 3◦, σ ε = 1.2 per cent, ν = 0.7 and Lc = 150 km.

The density probability of the parameters is proportional to e−χ2/2

(Tarantola 1987). The total probability densities of the parameters
are plotted in Fig. 4. The Hurst coefficient ν is poorly constrained,
but values larger than 0.5 are favoured. Moreover, the model with the
lowest cost function is not the one with the highest total probability
density, owing to the limitations on the parameter space explored by
the grid search method. The lower-mantle heterogeneity level σ m is
close to zero. It is well constrained because the different core phases
have different sensitivities to lower-mantle heterogeneities. As a re-
sult, even for completely correlated structures along the horizontal
direction, the lower-mantle heterogeneities strongly contribute to
the differential traveltime variances. The vertical correlation length
Lc is better constrained, with a peak probability corresponding to
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Figure 3. Logarithm of differential traveltime residual variance (in s2), as
a function of differential angular distance (in degrees) between core entry
points of the two core phases for different couples of core phases: PKP(BC-
DF) (circles), PKP(AB-BC) (squares) and PKP(AB-DF) (diamonds). Open
symbols are the variances obtained from ISC data set, and filled symbols
are the variances obtained from the PKP waveform data set. The best model
fit is plotted with stars and plain line.

150 km. The parameters describing the correlation function of D′′

velocity perturbations are rather well constrained. The D′′ thick-
ness hD′′ is found in the range 300–400 km, in good agreement
with previous estimates. The correlation length in the D′′ layer lies
between 2◦ and 4◦. Such a small correlation length reveals the pres-
ence of small-scale heterogeneities at the base of the mantle, which
are still beyond the resolution of global tomographic studies. The
heterogeneity level in D′′ layer is found between 1 and 1.5 per cent

rms. These values are consistent with a previous investigation based
upon a statistical analysis of P-wave traveltimes (Röhm 1999).

Fig. 5 presents the marginal probability densities between cou-
ples of parameters. In these plots, the Hurst coefficient is correlated
to the horizontal correlation length in D′′. Since the shape of the
correlation function can be modified by changing either of these pa-
rameters, this is not surprising. However most probable horizontal
correlation lengths are always smaller than 4◦. The D′′ heterogene-
ity level is correlated to D′′ thickness because a thick layer of weak
heterogeneities can be replaced by a thin layer with strong hetero-
geneities. However, this correlation is moderate, and optimal values
are well constrained. Finally, no correlation is observed between
D′′ correlation length and D′′ heterogeneity level, nor between the
vertical correlation length and both the mantle and D′′ heterogeneity
levels.

To summarize, our results strongly argue in favour of a 350 km
thick D′′ layer with a high level of small-scale heterogeneities. In
the next section, we will compare our results with those inferred
from deterministic tomographic imaging of the lower mantle and
from studies of seismic waves scattered in the lower mantle, based
upon the analysis of PKP precursors.

5 C O M PA R I S O N W I T H P R E V I O U S
R E S U LT S

Figs 6(A) and (B) present a comparison between the correlation and
covariance functions in different P-wave tomographic models taken
at the base of the mantle (Inoue et al. 1990; Bijwaard et al. 1998;
Kárason & Van der Hilst 2001; Li et al. 2008), and the ones obtained
in this study. The rms heterogeneity level of tomographic models
is more than one order of magnitude smaller than the estimate ob-
tained from statistical analysis of PKP differential times. Moreover,
the comparison clearly demonstrates that the short wavelengths evi-
denced by our statistical analysis are not present in the tomographic
models. For models parametrized with spherical harmonics (Inoue
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Figure 4. Total probability densities of the six parameters obtained by a grid search over the parameter space.
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Figure 5. Contours of the marginal probability densities for different couples of parameters.

et al. 1990), the absence of short wavelengths is simply a conse-
quence of truncation of the spherical harmonics expansion at low
angular order. However, tomographic models parametrized with
blocks of constant velocities (Bijwaard et al. 1998; Kárason & Van
der Hilst 2001; Li et al. 2008) are also characterized by correlation
lengths larger than the ones obtained in our statistical analysis. This
can be explained by the uneven coverage and high noise level in
traveltime data that impose to use a strong smoothing and damping
to regularize the inversion.

In Fig. 6(C), we show a comparison in the spectral domain, in
which we have included the results of the studies of PKP precur-
sors (Bataille & Flatte 1988; Cormier 1999; Margerin & Nolet
2003). The spectra are computed from spherical harmonic ex-
pansions of the covariance functions according to the definitions
given by Chevrot et al. (1998). The analytic expressions of covari-
ance functions (Cormier 1999; Margerin & Nolet 2003) are first
transformed to semi-positive definite covariance functions on the
sphere, according to eqs (10)–(12). The tomographic models are
assumed to be valid in the angular order range 2–20 (wavelength
range 8750–1065 km), our statistical analysis in the angular order
range 9–60 (wavelength range 2300–360 km), and PKP precursors
studies in the wavelength range 15–80 km. The spectra of the tomo-
graphic models have a k−3 power law decrease at the lower limit of
the spectrum in the upper mantle (Chevrot et al. 1998), whereas our
statistical analysis favours a slope of −2.5. If we compare the spectra
in the wavelength domain where their validity overlap, the slopes are
different by a factor of two. This difference suggests that the regular-
ization constraints imposed in tomographic inversions strongly filter
out the short wavelengths of velocity perturbations. From PKP pre-
cursors scattered at the base of the mantle, Bataille & Flatté (1988)
found a power law spectrum with a slope of −5.3, but we have not
been able to renormalize their spectrum in a way consistent with
our definitions. However, similar studies obtained, respectively, a
1 per cent rms heterogeneity level with a Gaussian correlation
function with a 10 km correlation length (Cormier 1999), and a

0.32 per cent rms heterogeneity level with a ‘Henyey–Greenstein’
(H–G) correlation function with a 30 km correlation length (Marg-
erin & Nolet 2003) in the wavelength range 15–80 km. In the spectral
domain, these models correspond to power law decrease with coef-
ficients −2.8 and −2.4, which are consistent with an extrapolation
of our spectrum towards shorter wavelengths (Fig. 6C).

6 I N F LU E N C E O F D I S C O N T I N U I T I E S
T O P O G R A P H Y

The traveltimes of refracted core phases are also sensitive to undu-
lations of seismic discontinuities, such as the CMB or the discon-
tinuity at the top of D′′ layer. Owing to the strong velocity contrast
between iron outer core and silicate mantle, the former can have a
significant influence on PKP traveltimes. An analysis similar to the
one done for velocity heterogeneities can be performed to invert
the PKP differential travel variances for the correlation function of
CMB topography only. This correlation function is defined by:

C(��) = σ 2
h �
h ,ν(��),

where �� is the epicentral distance between the two points on the
CMB, σ h the rms topography (in km), 
h and ν the correlation
length (in degrees) and the Hurst coefficient, respectively. Fig. 7
presents the probability density functions of these three parameters.
The optimal values are ν = 0.85 ± 0.15, 
h = 4.5◦ ± 0.5◦ and
σ h = 5.2 ± 0.4 km. The data fit (not shown) is similar to the one
obtained for velocity heterogeneities.

By integrating the corresponding CMB topography spectrum for
wavelengths larger than 360 km (6◦ epicentral distance at the CMB),
we obtain a value of 4.33 km rms CMB topography. This result is in
contradiction with previous seismological studies (Garcia & Souriau
2000; Sze & van der Hilst 2003) which predict, respectively, values
of 2 ± 0.7 and 0.6 km for wavelengths larger than 360 km on the
CMB. Consequently, CMB topography alone cannot explain the
observed traveltimes residuals of core phases. Moreover, previous
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Figure 6. Comparison between correlation functions (A) and covariance
functions (B) of D′′ velocity perturbations in various tomographic models
and our results (plain line). Comparison between the spectra of the tomo-
graphic models (colours) and our model (thin black line) and the results
of studies of PKP precursors by Cormier (1999) (thick black dashed line)
and Margerin and Nolet (2003) (thick black dotted line) (C). Dot–dashed
vertical lines represent the wavenumber domain in which the tomographic
models (red lines), the statistical analysis (thin black lines) and the study of
scattered wavefield (thick black lines) are valid.

investigations of CMB topography for wavelengths larger than
360 km provided by studies of Earth’s rotation (Gwinn et al. 1986;
Herring et al. 1986; Hinderer et al. 1990; Mathews et al. 2002), re-
flected phases (Garcia & Souriau 2000; Sze & van der Hilst 2003)

and mantle flow modelling (Steinberger & Holme 2008) all predict
a small topography which has probably a marginal contribution to
our PKP traveltimes anomalies.

The transformation of perovskite to post-perovskite is now the
favoured explanation for a discontinuity at the top of the D′′ layer.
Due to the large clapeyron slope of this phase change, the topog-
raphy of the D′′ discontinuity is expected to be quite large, of the
order of a few hundred kilometres over scales that are related to the
lateral variations of temperature in D′′ (Monnereau & Yuen 2007).
However, the P-wave velocity contrast of this phase transition at
constant chemistry is small (Oganov & Ono 2004; Stackhouse et al.
2006). Consequently, D′′ discontinuity topography is expected to
have a small contribution to P-wave traveltime anomalies.

To conclude, we are thus inclined to favour the effects of volumet-
ric compressional velocity anomalies produced by lateral variations
of temperature and chemistry to explain the observed traveltime
anomalies.

7 C O N C LU S I O N

The variances of differential traveltime residuals are linearly related
to the correlation function of velocity heterogeneities. Statistical
analysis of core phases traveltimes allows us to determine the hori-
zontal structure of the correlation function at the base of the mantle
but the radial structure of the correlation function remains poorly
constrained. Because noise variance contributes to differential trav-
eltime variances, only high quality differential traveltime data, in
which noise variance is small compared to Earth’s signal, can be
exploited. Our global data set of PKP traveltimes (Garcia et al.
2006) appears to fullfil this criterion. However, the limited number
of distance ranges in which we can compute traveltime variances
only allows us to invert for a simplified correlation function. De-
spite its simplicity, our model statistically explains the observations
of PKP traveltimes and brings strong constraints on lower-mantle
structures. The heterogeneity level of the lower mantle outside D′′

layer is close to 0 ± 0.2 per cent rms, and the D′′ layer is best
described as a 350 ± 50 km thick layer with 1.2 ± 0.3 per cent rms
velocity perturbations. The horizontal correlation length is about
3◦ ± 1◦, the vertical correlation length 150 ± 75 km, and the Hurst
coefficient ν = 0.7 ± 0.2. The main limitations on these results
are coming from the unknown influence of noise on the differen-
tial traveltime variances, and from the use of ray theory instead of
finite-frequency sensitivity kernels.

The thickness, heterogeneity level, and the small correlation
length of velocity heterogeneities inside D′′ are all consistent with
most models of D′′ layer proposed previously. The heterospectrum
at the base of the mantle provides important constraints to discrimi-
nate numerical models of thermochemical convection (Deschamps
& Tackley 2008, 2009). It is interesting to note that the small-scale
features obtained in this study are still beyond the resolution limit
of seismic tomography, and that the extrapolation of our hetero-
geneity spectrum towards short wavelengths is consistent with the
results of studies of seismic wave scattering at the base of the man-
tle. Finally, small-scale structures at the base of the mantle produce
potentially strong residuals in differential traveltimes of core phases
that are classically interpreted in terms of structures in the inner core
(Bréger et al. 1999). To separate these contributions, lower man-
tle and inner core structures should be inverted simultaneously in
future tomographic studies. Constraining small-scale structures of
the D′′ layer thus remains an important challenge for seismologists,
which will require new, higher quality, global body wave traveltime
and amplitude data.
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Figure 7. Total probability densities of the three parameters describing the correlation function of core–mantle boundary topography.
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