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Motivation

Discrepancies between theory [2] and measured [3] γ-
spectra of noble gases: due to core annihilation? 

[1] Weiss et al., Phys. Rev. Lett. 61, 2245 (1988).
[2] Dunlop and Gribakin, J. Phys. B. 39 1647 (2005).

[3] Iwata et al., Phys. Rev. Lett 79 39 (1997). 

Positron annihilation on core electrons is a key 
process in established experimental techniques:

Positron-induced Auger-Electron 
Spectroscopy (PAES) [1]

e.g.

Real need for accurate core annihilation gamma-ray-
spectra and probabilities - Correlations??!

Positive ions: limited theory, no experiments!
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1) What effect do correlations have on γ-spectra?

Noble gas atoms: Ar, Kr, Xe

H-like positive ions: He+, Li2+, B4+, F8+

(ionization energies span those typical of 
core electrons)

Fundamental questions

2) Many-electron atoms: 
   importance of core contribution to γ-spectra?
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Outline
1. Many-body theory of annihilation γ-spectra

2.Results: γ-spectra of nobles + positive ions

i) Effect of correlations

ii) Core contribution + comparison with 
experiment
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Positron annihilation gamma-spectra

γ

γ

γ

e+

e-

Lab: P≠0 

Eγ = mc2 + ϵ

Low-energy positrons e.g., thermal: k≈0.04au

γ-spectra:

e+

γ

e-

Eγ ≃ mc2 = 511 keV

COM frame: P=0
 

shape characteristic of electron state nwn(✏)

∼ several keV.Doppler shift: ϵ
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γ-spectrum : wn"(✏) =
1

c

Z 1

2|✏|/c
|An"(P)|2 d⌦P

4⇡
PdP

Many-body theory of γ-spectra

Ann. amplitude:

An"(P) = h N�1
n | Ôa(P) | N+1

" i

NR annihilation: occurs at single-point!

Ôa(P) /
Z

d3r e�iP·r ̂(r)'̂(r)

Dyson expansion in: Hint = V̂e+e� + V̂e�e� � ÛHF

using Hatree-Fock as starting approximation...
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γ-spectrum : wn"(✏) =
1

c

Z 1

2|✏|/c
|An"(P)|2 d⌦P

4⇡
PdP

Different approximations to:
1) Vertex
2) Positron wavefunction

P

"

n

2 γ-rays

hole

e+

An"(P) =

Vertex

General diagram:

Many-body theory: annihilation amplitude
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γ-spectrum : wn"(✏) =
1
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1) Vertex
2) Positron wavefunction

P

"

n

2 γ-rays

hole

e+

An"(P) =

Vertex

General diagram:
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Annihilation amplitude: VERTEX
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0th-order
(IPM)

1st-order ``Γ- block”
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"

n
= +
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P

"

nµ

�

P

µ2

" ⌫1

µ1
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n

holee+

An"(P) =

Z
e�iP·r "(r)'n(r) dr

+

Z
e�iP·r "(r1)�̃P(r1, r2, r)'n(r2) dr1dr2 dr

+ +

non-local vertex corrections: 
describe short-range electron-positron interactions
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Annihilation amplitude: POSITRON WAVEFUNCTION

P

"

n

2 γ-rays

hole

e+

An"(P) =

Different approximations to:

2) Positron wavefunction

Vertex

General diagram:

1) Vertex
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Annihilation amplitude: POSITRON WAVEFUNCTION

+ + +

+ +

" "0

�

" "0" "0

" "0" "0

+

n

µ

" "0⌫

" "0

=

Hartree-Fock

P

"

n

e+
Dyson-equation:

⌃̂" "(r) ⌘
Z

⌃"(r, r
0) "(r

0)dr0

(H0 + ⌃") ✏(r) = " ✏(r)

Two approximations: (1) Hatree-Fock; (2) “Dyson”
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(H0 + ⌃") ✏(r) = " ✏(r)

Annihilation amplitude: POSITRON WAVEFUNCTION

n

µ

" "0⌫=

P

"

ne+

e.g., polarization of atom:

X

µ,⌫

h"0n|V |µ, ⌫ih⌫, µ|V |n"i
("+ "n � "µ � "⌫)

=

lim
r!1

⌃(2)'� ↵d

2r4
�(r� r0),

...attractive for small positron energy.

local!

where      is the static dipolarizability of the atom.↵d
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Outline
1. Many-body theory of annihilation γ-spectra

2.Results: γ-spectra of nobles + positive ions

i) Effect of correlations

ii) Core contribution + comparison with 
experiment
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Effect of correlations: (1) VERTEX: Positive ions

+

P

⇥

n
+

VERTEX ENHANCEMENT

0 1 2 3 4 5
Energy shift (keV)

10-3

10-2

10-1

γ-
sp

ec
tra

 (k
eV

-1
)

Li2+

k=2.00 a.u.

0
0+1

Vertex order:

D.G. GREEN ASTRO
PO

SITRO
N 2012



Effect of correlations: (1) VERTEX: Positive ions
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Effect of correlations: (1) VERTEX: Positive ions
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Vertex order:

H-like ions: similar behaviour to core electrons
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Vertex enhancement factors

H-like ions:

Enhancement factor:

If 1st order dominates: �̄ � 1 / Vint
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[4] Novikov et al. Phys. Rev. A, 69, 052702 (2004)
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[5] Goldanski and Sayasov, Phys. Lett., 13, 300 (1968)
[6] Dzuba et al., Phys. Scripta T46 (1993)

(2) e+ WAVEFN. P
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virtual s-states:
low-energy resonance 
behaviour of annihilation 
probability [5,6]
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POSITRON Wavefn.
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Outline
1. Many-body theory of annihilation γ-spectra

2.Results: γ-spectra of nobles + positive ions

i) Effect of correlations

ii) Core contribution + comparison with 
experiment
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Argon

Annihilation on 
valence shells insufficient!

Comparison with Expt.

[3] Iwata et al., Phys. Rev. Lett 79 39 (1997) 

0 2 4 6 8
Energy shift (keV)

10-4

10-3

10-2

10-1

a-
sp

ec
tra

 (a
rb

. u
ni

ts
) Exp. (Ref. [3])

Valence 

Argon

Valence

D.G. GREEN ASTRO
PO

SITRO
N 2012



ArgonComparison with Expt.
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% of tot
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99.4%

Nuc. repulsion => 
Ann. predominantly occurs on valence shells

[3] Iwata et al., Phys. Rev. Lett 79 39 (1997) 
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Core contribution is vital to obtain 
agreement with experiment!
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[3] Iwata et al., Phys. Rev. Lett 79 39 (1997) 
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Valence shells: severely 
underestimate high-energy `wing’

KryptonComparison with Expt.

[3] Iwata et al., Phys. Rev. Lett 79 39 (1997) 
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Core contribution DOMINATES above 5keV
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[3] Iwata et al., Phys. Rev. Lett 79 39 (1997) 
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Adding core contribution results in good agreement!
(discrepancy above 6 keV...?) 
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[3] Iwata et al., Phys. Rev. Lett 79 39 (1997) 
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XenonComparison with Expt.

[3] Iwata et al., Phys. Rev. Lett 79 39 (1997) 
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XenonComparison with Expt.
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[3] Iwata et al., Phys. Rev. Lett 79 39 (1997) 

Core

0 2 4 6 8
Energy shift (keV)

10-4

10-3

10-2

10-1

100

a-
sp

ec
tra

 (a
rb

. u
ni

ts
) Exp. (Ref. [3])

Valence
Core

Xenon

Valence

D.G. GREEN ASTRO
PO

SITRO
N 2012



Xenon

Ar->Kr->Xe
core annihilation progressively more important!

Comparison with Expt.
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Conclusions

Ab initio MBT calculations of γ-spectra for core and valence 
shells of many-electron atoms + positive ions.

Positron-atom and (short-range) electron-positron 
correlations are stronger for the valence electrons, but are 
still significant for the core! (and for H-like ions of Z<10).

`True’ vertex enhancement factors have been calculated 
and follow a simple scaling with the electron ionization 
energy.

Despite the small annihilation rates (owing to nuclear 
repulsion), the core contributes significantly to the 
spectrum at large Doppler shifts.
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