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A B S T R A C T

Some of the moons of the outer solar system harbour subsurface liquid oceans. Tidal dissipation plays an im-
portant role in preventing these oceans from freezing. In the past, most studies considered only tidal dissipation
in the solid layers of these bodies (rock and ice). Recently, new studies considering tidal dissipation in the oceans
of these moons have appeared. All of them make use of the shallow water approximation. However, the use of
this approximation might not be adequate. Here we consider the linear non-hydrostatic three dimensional re-
sponse of these oceans to tidal forcing with the full Coriolis force. To do so we consider an ocean of homogeneous
density contained within a perfectly spherical shell and neglect the effect of the ice shell. We force the ocean
with a time changing tidal potential and observe patterns of periodic inertial waves that take energy from the
global tidal forcing and focus it along thin shear layers that propagate in the fluid. We focus on Europa and
Enceladus, showing that inertial waves result in fluid flows of significant amplitude (a few cm/s). Nevertheless,
we find that under the previously mentioned assumptions tidal dissipation due to inertial waves is several orders
of magnitude smaller than Europa’s radiogenic heating and Enceladus’ observed heat flux. Finally, we propose
additional dissipation mechanisms that might play a relevant role in Europa and Enceladus and could be further
investigated.

1. Introduction

Evidence for underground water reservoirs in some of the moons of
the outer solar system has accumulated over the last few decades. The
existence of a subsurface water body in Europa was first hypothesised
by Cassen et al. (1979). They argued that radiogenic and tidal heating
could melt Europa’s interior and form an ocean. The hypothesis was
confirmed when Khurana et al. (1998) and Kivelson et al. (2000) re-
ported variations of the magnetic field in Europa associated with an
induced magnetic field and showed that a layer of subsurface salty
water is consistent with these observations. The existence of a subsur-
face ocean is also consistent with the complex geology of Europa’s
surface (e.g., Pappalardo et al., 1999).

The case of Enceladus is markedly different. This tiny moon of
Saturn, its radius being just over 250 km, features vigorous geological

activity. Cassini flybys revealed water plumes emanating from long
parallel cracks (nicknamed tiger-stripes) on the South Pole (Porco et al.,
2006; Spencer et al., 2006). The detection of salt-rich grains in the
plumes (Postberg et al., 2009; 2011) and evidence of hydrothermal
activity within the moon (Hsu et al., 2015) indicate that the plumes
originate from an underground water reservoir. The observed forced
libration of Enceladus’ surface reveals that the ocean is not only re-
stricted to the moon’s southern pole but it completely decouples the ice
shell from the moon’s rocky mantle (Thomas et al., 2016).

Far away from the Sun, these oceans cannot be maintained by solar
irradiation. Another heat source is therefore needed to prevent them
from freezing; this heat source is most likely tidal dissipation. Due to
orbital resonances with Io and Ganymede, Europa orbits Jupiter in an
eccentric orbit. Similarly, in the Saturnian system, Enceladus’ eccen-
tricity is maintained by an orbital resonance with Dione. The orbital
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eccentricity results in a time-varying tidal potential that raises a pro-
minent tide. The moons’ obliquity results in additional latitudinal li-
brations of the tidal bulge. Most studies focused on studying tidal dis-
sipation in the solid layers of Europa and Enceladus (e.g., Ojakangas
and Stevenson, 1989; Roberts and Nimmo, 2008). These studies show
that the Europan ocean can be maintained by tidal and radiogenic
heating; thermal models suggest that the ocean might be around 100
km thick (Hussmann et al., 2002). This is, however, not the case of
Enceladus, where tidal and radiogenic heating in the solid parts of the
moon are not sufficient to prevent a global ocean from freezing (Tobie
et al., 2008; Bêhounková et al., 2017) unless Enceladus has an un-
consolidated rocky core (Choblet et al., 2017).

By analogy with Earth, where most tidal energy dissipation occurs
in the ocean, it has been suggested that tidal dissipation within the
ocean plays a major role. Tyler (2008) was the first to propose that
oceanic tidal currents could heat the moons of the outer solar system.
Tyler (2008) considered the response of an ice-free shallow ocean of
constant density. He solved the Laplace Tidal Equations (LTE) using the
method of Longuet-Higgins (1968) for the different tidal constituents.
He showed that Europa’s obliquity excites planetary Rossby waves of
considerable amplitude and suggested that this mechanism might close
Enceladus’ thermal energy budget (Tyler, 2009). However, it was later
found that the obliquity of Enceladus is too small for this mechanism to
generate enough tidal heating (Chen and Nimmo, 2011). Tyler (2014)
and Hay and Matsuyama (2017) also showed that the eccentricity tide
can generate sufficient tidal heating but only for unrealistically shallow
oceans. Subsequent studies considered the effect that the ice shell has
on oceanic tidal dissipation and concluded that the ice crust further
dampens the ocean response (Beuthe, 2016; Matsuyama et al., 2018).

A possible criticism to the previous studies is the assumption of an
ocean of constant density. An unstratified ocean filters out internal
gravity waves which have an important role in tidal dissipation and
mixing in Earth’s ocean (Garrett, 2003). There is little information
about the stratification of Europa’s and Enceladus’ oceans. The ocean is
heated from the bottom by tidal and radiogenic heat within the silicate
mantle, likely creating a well-mixed convecting ocean (Goodman et al.,
2004; Goodman and Lenferink, 2012; Soderlund et al., 2013). Never-
theless, under certain conditions the ocean might be stratified (Melosh
et al., 2004; Vance and Brown, 2005). We do not challenge the as-
sumption of an unstratified ocean and focus on the other assumptions
underlying the LTE.

The main assumption of the LTE is that the ocean is in hydrostatic
equilibrium, currents are predominantly horizontal. Because vertical
currents are assumed to be small, the hydrostatic approximation is often
used together with the traditional approximation, which consists in
neglecting the terms of the Coriolis force linked to vertical motions in
the ocean (Gerkema et al., 2008). For an unstratified ocean these as-
sumptions hold as long as the ratio of the characteristic vertical and
horizontal length scales is small (see Vallis, 2006). Using the ocean
thickness and body’s radius as a measure of vertical and horizontal
length scales, respectively, higher ratios are obtained for Europa and
Enceladus than for Earth (∼0.06 and ∼0.15 versus ∼0.001). It is
therefore expected that the neglected vertical velocity is of more re-
levance in these bodies, making the LTE incomplete to describe tidal
currents in Europa’s and Enceladus’ subsurface oceans.

Without the hydrostatic and traditional approximations, new kinds
of waves are possible in the unstratified oceans of the icy moons, the so-
called internal inertial (gyroscopic) waves (Stern, 1963; Bretherton,
1964; Greenspan., 1969; Stewartson, 1971; Maas, 2001). These waves
have properties that are markedly different from those of the more
familiar surface waves (Maas, 2005) and have been suggested to be of
importance for tidal dissipation in giant planets and binary stars
(Rieutord and Valdettaro, 1997; Rieutord et al., 2001; Ogilvie and Lin,
2004; Rieutord and Valdettaro, 2010; Lainey et al., 2017). In this study,
we want to take the young field of “planetary oceanography” one step
further by exploring the relevance of inertial waves for tidal dissipation

in the icy moons.
We consider an ocean contained within a deformable spherical shell

and study tidally induced inertial waves for different ocean thicknesses.
Our main goal is to quantify the amount of tidal heating that is gen-
erated by these waves to assess whether they are a significant compo-
nent in the thermal energy budget of these moons. Additionally, we
compare the flow amplitude of inertial waves to that of surface gravity
waves obtained with the LTE and consider the footprint that they might
have on the satellites’ surface. To do so we solve the linearised in-
compressible Navier-Stokes equations for the different components of
the eccentricity and obliquity tide using the spectral methods developed
to study inertial waves in an astrophysical context (stars and giant
planets) (e.g., Rieutord and Valdettaro, 1997; Ogilvie and Lin, 2004;
Rieutord and Valdettaro, 2010).

The text is structured as follows: Section 2 introduces inertial waves
and presents their main properties, in Section 3 we give the mathe-
matical formulation of the problem, we introduce the tidal potential
and then explain how the linearised Navier–Stokes equations are forced
with this tidal forcing. Afterwards, the results are shown and discussed
(Section 4) and conclusions are presented (Section 5).

2. Properties of internal inertial waves

To understand the properties of internal inertial waves we start by
considering a simplified situation. We consider an inviscid fluid of
constant density (ρ0) inside a container rotating with angular velocity
Ω. For this situation, the mass and momentum conservation equations,
written in a co-rotating frame, are given by (e.g., Le Bars et al., 2015):

=u· 0, (1a)

+ + × =u u u u
t

W· 2 .
(1b)

u is the fluid’s velocity, W is a reduced pressure that contains the fluid
pressure, the body’s gravity potential and other possible conservative
body forces. We neglect non-linear terms and seek plane wave solutions
of the form:

= +u uRe [ ˜ ],k x t( · )ei (2)

with k the wavevector, ũ the wave amplitude and ω the wave fre-
quency. Introducing this trial solution to Eq. (1) we obtain a dispersion
relation of the form:

=
+ +

k
k k k

4 ,z

x y z

2 2
2

2 2 2
(3)

where z is parallel to the rotational axis and x, y normal to it. This
dispersion relation is markedly different from that of the more familiar
surface-gravity waves. While for surface waves the frequency of the
wave only depends on the magnitude of the wavenumber, for internal
inertial waves it only depends on the angle that the wavevector forms
with the rotational axis. The group velocity, ( =c kg ) is perpendicular
to the wavevector k. Energy propagates along surfaces of constant slope
which form an angle θ with the rotational axis:

= arcsin
2

,
(4)

the so-called characteristics (see Fig. 1a).
These properties lead to a fundamental difference in how inertial

waves behave upon reflection as compared to surface waves (e.g.,
Maas, 2005). When a monochromatic surface wave packet encounters a
surface it reflects specularly without changing its wavelength. In con-
trast, an internal inertial wave packet reflects keeping the wavevector
inclination with respect to the rotational axis constant. Upon reflection,
the wavelength can change. Depending on the container’s geometry this
can lead to focusing of the wave packet which becomes an efficient
mechanism to transport energy from large to small scales.

M. Rovira-Navarro et al. Icarus 321 (2019) 126–140

127



The focusing properties of inertial waves can result in wave at-
tractors. As its name indicates, wave attractors are trajectories in which
energy accumulates. For ocean geometries that have focusing trajec-
tories, two wave packets originating at different locations will converge
towards the same trajectory (Fig. 1b). Wave attractors have the pecu-
liarity of focusing the energy of a large-scale forcing to smaller scales
regardless of the nature and location of the excitation. This phenom-
enon has been observed in the laboratory, both for internal gravity
waves (e.g., Maas et al., 1997; Brouzet et al., 2016) and internal inertial
waves (e.g., Maas, 2001; Manders and Maas, 2003; 2004).

As it is of special relevance for astrophysical and geophysical ap-
plications, the propagation of inertial waves in spherical containers has
been widely studied (e.g., Bryan, 1889; Stern, 1963; Bretherton, 1964;
Greenspan., 1969; Stewartson, 1971; 1972; Rieutord and Valdettaro,
1997; Ogilvie, 2009). The response of an inviscid fluid inside an
spherical container is given by well-behaved eigenmodes
(Bryan, 1889). However when a nucleus is added, wave attractors can
develop which lead to singularities; velocity increases without bound
along the attractor (Stewartson, 1971). Something similar happens at
the critical latitude (Θc), the latitude at which a characteristic is tangent
to the nucleus, where the velocity also develops a singularity
(Rieutord et al., 2001). In reality, viscosity prevents the development of
such singularities. The result is the development of prominent internal
shear layers that propagate in the fluid domain following the char-
acteristics where a significant amount of energy can be dissipated.

3. Problem formulation

3.1. The tidal potential

The obvious candidate for the generation of inertial waves in the
oceans of the icy moons is the tidal potential caused by the obliquity
and eccentricity of the moons. We can express the tidal potential in
terms of the orbital elements of the satellite (Jara-Orué and
Vermeersen, 2011):

= + + + +R r
R

( ) { },ns e e o
2

2

0 0 2 1 (5)

where ω is the mean motion of the satellite given by = GM a/ ,p
2 3 G is

the universal gravitational constant,Mp the mass of the planet and a the
semi-major axis of the satellite’s orbit. As we are considering tidally
locked satellites, ω is the same as the rotational frequency of the sa-
tellite (Ω). R is the satellite’s radius and r the distance from the center of
the satellite to the considered point inside the satellite. The different
components of the tidal potential are (Jara-Orué and
Vermeersen, 2011):

= +P P1
2

(cos ) 1
4

(cos )cos(2 ),0 2,0 2,2 (6a)

= +P t t1
2

(cos )sin(2 )sin( ),ns ns ns2,2 (6b)

= e P t3
2

(cos )cos( ),e0 2,0 (6c)

= +e P t t
4

(cos )[3 cos(2 )cos( ) 4 sin(2 )sin( )],e2 2,2 (6d)

= +P t(cos )sin( )cos( )sin( ).o1 2,1 (6e)

θ and ϕ are the co-latitude and longitude in the body-fixed reference
frame, respectively. ψ0 is the static component of the tidal potential, ψns

arises due to non-synchronous rotation. The eccentricity tide is given by
ψe0, which is caused by the variation in distance between the planet and
the satellite; and ψe2, caused by the east/west libration of the position of
the subplanet point on the moon’s surface. On the other hand, the ob-
liquity tide, ψo1, is the result of the latitudinal libration of the subplanet
point due to the satellite’s obliquity. Pl,m are the associated Legendre
polynomials of degree l and order m and Φ, e and ϵ are the argument of
pericenter, the eccentricity and the obliquity of the moon, respectively.
We only consider degree two terms of the tidal potential, as the am-
plitude of the other components rapidly decreases with increasing de-
gree as (r/a)l.

The non-axisymmetric term of the eccentricity tide (ψe2) and the
obliquity tide (ψo1) can be further divided in a westward (ψe2w, ψo1w)
and an eastward (ψe2e, ψo1e) propagating wave:

= + =

+

e P t
e P t

7
8

(cos )cos(2 )

8
(cos )cos(2 ),

e e e e w2 2 2 2,2

2,2 (7)

= + =

+ +

P t

P t

sin( )
2

(cos )sin( )

sin( )
2

(cos )sin( ).

o o e o w1 1 1 2,1

2,1 (8)

For this study we consider the different components of the eccen-
tricity and obliquity tide and ignore the non-synchronous rotation of
the satellite. We also ignore the static component of the tidal potential
as it does not induce a dynamic ocean response. The relevant physical
parameters of Europa and Enceladus are given in Table 1.

3.2. Governing equations and assumptions

In contrast to Section 2, we now consider the fluid to be viscous and
expand the reduced pressure in its different components. The equations
of motion can be written as:

Fig. 1. Inertial wave propagation. The wave packet propagates with group velocity cg following characteristics that form an angle θ with the rotational axis. The
wavevector k is perpendicular to the group velocity(a). (b) Depending on the container’s geometry a wave packet (blue) can converge towards a periodic trajectory
(black). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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=u· 0, (9a)

+ + × = +u u u u
t

p· 2 1 1 · .
0 0 (9b)

The primed quantities denote deviations from hydrostatic equili-
brium. Ψ′ represents the gravitational potential of the body, p′ is the
fluid pressure and τ the stress tensor of the fluid, which we assume to
follow Stokes’ constitutive law:

= +u uµ ( ),T (10)

where μ is the dynamic molecular viscosity. We further use perturbation
theory and consider the different quantities to be small. Under such
consideration the non-linear advective term (u ·∇u) is neglected. The
validity of this assumption will be discussed later (Section 5). We in-
troduce an effective viscosity μeff which is higher than the molecular
viscosity of the fluid and accounts for non-modelled small-scale dis-
sipation mechanisms (e.g., turbulent mixing, interactions of waves with
turbulent convection, etc.).

Finally, we obtain the non-dimensional form of the equations of
motion by using the inverse of the satellite’s rotational frequency (2 ) 1

and the satellite radius (R) as time and length scales respectively:

=u^ · ^ 0, (11a)

+ × = +e u u
t

W Eû
^

^ ^ ^ ^ ^,z
2

(11b)

with ez the direction of the satellite’s rotational axis, W again the re-
duced pressure:

= + +W p
o (12)

and the non-dimensional variables (indicated with a hat) and para-
meters defined as:

=u Ru2 ^, (13a)

=W R W4 ^ ,2 2 (13b)

=E
µ

R2
,eff

2 (14a)

=^
2

. (14b)

We have introduced the non-dimensional Ekman number (E), which
gives the ratio of viscous to Coriolis forces; and the non-dimensional
frequency (^), which, since the problem is forced at the diurnal tidal
frequency, equals 0.5. In the discussion that follows we use the non-
dimensional equations; to avoid cumbersome notation we drop the hat
from the variables.

As a starting point we assume that the moons have a free surface. If
the surface wave speed ( gh , with g the satellite’s surface gravity and h
the ocean depth) is high enough so that the ocean adjusts quickly to
forces varying at the tidal potential frequency, we can assume that the
radial displacement of the ocean surface is given by the equilibrium tide
(Tyler, 2008; Ogilvie, 2009). This assumption breaks down if the ocean
is too shallow, in that case surface gravity waves dominate the ocean
response and other kinds of resonances occur (Matsuyama et al., 2018).
For the icy moons, the surface wave speed is high enough as long as the
oceans are thicker than 0.78 km or 1.6 km for Europa and Enceladus,
respectively. With ocean thicknesses of ∼100 km (Hussmann et al.,
2002) and ∼38 km (Beuthe et al., 2016) for Europa and Enceladus
respectively, the previous assumption seems reasonable for the problem
at hand.

We follow the approach of Ogilvie (2005) and Rieutord and
Valdettaro (2010) and split the fluid response into two components: the
equilibrium tide u(eq) plus a dynamical tide u(d). By using this decom-
position Eq. (11) becomes:

+ × = + +u e u u f
t

W E .
d

z
d d eq

( )
( ) 2 ( ) ( )

(15)

f(eq) is an inertial force associated with the equilibrium tide given by:

= ×f u e u
t

.eq
eq

z
eq( )

( )
( )

(16)

Note that the dynamic tide is forced indirectly through the equili-
brium tide as it does not satisfy the momentum equation (Ogilvie and
Lin, 2004). If we consider a non self-gravitating ocean around an in-
finitely rigid core with a free-surface the equilibrium tide is simply
given by:

=z e
g

,l m
l m

eq
r,

( ) ,

(17)

where Ψl,m is the degree l order m component of the tidal potential. The
maximum amplitude of the equilibrium tide for Europa and Enceladus
for the different tidal components is given in Table 1. If the effect of
self-gravitation, the finite rigidity of the core or the presence of an ice-
shell is considered the equilibrium tide can be obtained as:

=z eZ
g

,l m
l m

l m
eq

r,
( )

,
,

(18)

with Zl,m being an admittance factor. Matsuyama et al. (2018) showed
that an ice shell dampens the response of the ocean resulting in Zl,m to
be smaller than or close to 1. In particular, for realistic ice shell
thicknesses, the admittance is close to 1 for Europa while it can be more
than one order of magnitude smaller for Enceladus. In this work, we
assume the ocean to follow the equilibrium tide of an ice-free, non self-
gravitating ocean in a satellite with an infinitely rigid core (Eq. (17)).
By doing so, we obtain an upper bound of tidal dissipation due to in-
ertial waves in a spherical shell shaped ocean.

We assume the system to have a response with the same frequency
as the forcing tidal potential and thus we consider the different fields to
be proportional to tei . By doing so we can eliminate time from the
equations of motion and we are left with the system:

Table 1
Physical parameters for Europa and Enceladus. Radius (R), mass (M), average
density (ρav), surface gravity (g) and rotational rate (Ω) are obtained from:
https://ssd.jpl.nasa.gov/?horizons and Chen et al. (2014). The obliquity (ϵ) of
Europa and Enceladus are obtained assuming that the moons are in a Cassini
state (Baland et al., 2012; Chen and Nimmo, 2011). The maximum amplitude of
the different components of the equilibrium tide are computed considering a
non-self gravitating ice-free ocean surrounding an infinitely rigid core
(Eq. (17)) and using the maximum value of the satellites’ obliquity. The argu-
ment of pericenter (Φ) and ocean density (ρo) are assumed to be 0 and
1000 kg.m ,3 respectively.

Europa Enceladus

R [km] 1565.0 252.3
M [kg] 4.797 · 1022 1.0805 · 1020

ρav [kg.m 3] 2990 1606

g [m.s 2] 1.31 0.11

Ω [rad.s 1] 2.05·10 5 5.31·10 5

e [–] 0.0094 0.0047
ϵ [deg] < 0.1 < 0.0015

ze
eq
0

( ) [m] 11.08 11.50

ze e
eq
2

( ) [m] 19.39 20.13

ze w
eq
2

( ) [m] 2.77 2.88

zo e
eq
2

( ) [m] 1.03 0.003

zo w
eq
2

( ) [m] 1.03 0.003

Φ [deg] 0 0
ρo [kg.m 3] 1000 1000
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=u· 0,d( ) (19a)

+ × = + +u e u u fW E ,d
z

d d eq( ) ( ) 2 ( ) ( )i (19b)

= ×f u e u .eq eq
z

eq( ) ( ) ( )i (19c)

We solve Eq. (19) in a spherical shell, assuming no-slip boundary
conditions at the fluid-solid interfaces ( =u 0d ).

3.3. Numerical approach

We solve Eqs. (19) for the different constituents of the equilibrium
tide (Eq. (17)). As we did with the tidal potential, we expand the
equilibrium tide into its different constituents: the order 0 eccentricity
tide (ue0

eq( )), and the eastward and westward components of the order 2
eccentricity tide and order 1 obliquity tide (ue2e

eq( ) , ue2w
eq( ) and uo1e

eq( ) , uo1w
eq( ))

(see Appendix A). We then solve Eqs. (19) using = 0.5 and = 0.5
for the westward and eastward propagating components respectively.

We use the method of Rieutord and Valdettaro (1997, 2010), which
is detailed in Appendix A. We make use of the spherical symmetry of
the problem and expand the velocity and reduced pressure fields using
L spherical harmonics in the horizontal direction. The resulting equa-
tions are discretised in the radial direction using Chebyshev poly-
nomials on +N 1 Gauss–Lobatto collocation nodes. By doing so,
Eq. (19) and the boundary conditions result in an algebraic system of

+ +L m N( 1)( 1) linear equations. The associated matrix of this
linear system is block-tridiagonal, and the system is solved using clas-
sical LU-factorization of a banded matrix. Except where otherwise in-
dicated, the resolution, given by L and N, is chosen so that the trun-
cation error is less than 10 4.

We are specially interested in computing tidal dissipation due to the
tidally-induced flows. We compute the amplitude of tidal dissipation as
(e.g., Ogilvie and Lin, 2004):

=D E c c dV^ 2 * ,v V ij ij (20)

where cij are the elements of the rate-of-strain tensor,
= +c u u( )ij i j j i

1
2 . We expand Eq. (20) using spherical harmonics as

indicated in Appendix B.

4. Results

4.1. Parameter regime

The two parameters that control the fluid response are the ocean
thickness and the Ekman number. We characterise the thickness of the
ocean using the ratio of the inner to outer ocean radius, η. Europa’s and
Enceladus’ ocean thicknesses are still not known. To understand the
effect of ocean geometry on the propagation of inertial waves, we ex-
plore the range = 0.3 0.99, which corresponds to ocean thicknesses
ranging from 1095.5 to 15.7 km for Europa and 176.6 to 2.5 km for
Enceladus. For this range we use a resolution of = 0.005 which is
equivalent to ocean thickness changes of 7825 m for Europa and
1262 m for Enceladus. However, current estimates suggest an η of
∼0.93 (Hussmann et al., 2002) for Europa and ∼0.85 (Beuthe et al.,
2016) for Enceladus. It is for this reason that we further explore the
range = 0.8 0.99 using a Δη of 0.0005.

The Ekman number depends on the fluid viscosity (Eq. (14)). If we
compute the Ekman number using the molecular viscosity of water we
obtain a value of 10 14 and 10 13 for Europa and Enceladus respectively.
These low Ekman numbers require currently unattainable resolutions.
In any case, when linearising the equations of motion we have in-
troduced a new effective dynamic viscosity (μeff) that accounts for
small-scale dissipation mechanisms. Given our limited knowledge about
these oceans it is difficult to estimate the appropriate value of this
parameter. It is however expected that the effective viscosity will be
orders of magnitudes higher than the molecular viscosity (e.g.,

Ogilvie and Lin, 2004). In the following experiments we explore a wide
range of Ekman numbers ( =E 10 104 10) to account for this un-
certainty.

We first study the propagation of inertial waves for different ocean
thicknesses and Ekman numbers and explain the main characteristics in
terms of the properties defined in Section 2 such as wave attractors and
the critical latitude singularity (Section 4.2). Afterwards, we focus on
tidal dissipation and quantify the relevance of inertial waves for
Europa’s and Enceladus’ thermal energy budget (Section 4.3)

4.2. Wave attractors and the critical latitude singularity

As explained in Section 2 the response of the fluid is dominated by
the convergence of wave packets towards wave attractors and the cri-
tical latitude singularity. We start by studying the structure of wave
attractors that are excited by tidal forcing. As the moons are phase-
locked, the frequency of the forcing equals the rotational frequency of
the moon, hence, the angle that the characteristics form with the ver-
tical is 30° (Fig. 1a). We use ray-tracing to study the propagation of
energy in meridional planes of the fluid domain. The intersection of the
characteristic surfaces with a meridional plane are straight lines (rays)
along which energy propagates. We launch a wave packet from a point
on the inner sphere without zonal velocity and follow its propagation
along the characteristics until it converges towards an attractor in the
same meridional plane. Note that when a wave packet is launched with
a zonal component it may end up trapped in a meridional plane or
escape meridional trapping and reflect endlessly around the domain
(Rabitti and Maas, 2013; 2014). However, because of the symmetry of
the tidal potential with respect to rotation around the z axis we focus on
wave attractors in the meridional plane.

We launch a wave ray from a point equatorward of the critical la-
titude (5°) and one poleward (85°). The latitude of the last 100 inner
boundary reflections are then noted and shown in a Poincaré plot in
Fig. 2a. Additionally, we compute the Lyapunov exponent, which
measures the asymptotic rate at which two neighbouring rays converge:

=
=

+log d
d

lim .
N n

N
n

n1

1

(21)

dΘ is the angular distance between the reflection points of two neigh-
bouring characteristics. High (in absolute value) Lyapunov exponents
mean highly attracting wave attractors while a Lyapunov exponent
equal to 0 indicates non-attracting trajectories. The Lyapunov exponent
for different ocean geometries is displayed in Fig. 2b.

We distinguish between two types of attractors: equatorial attrac-
tors, trapped equatorward of the critical latitude, and polar attractors,
with reflections outside the previously mentioned interval. As can be
seen in Fig. 2a, the shape of the attractor depends on the ratio of inner
to outer ocean radius (η). For some ocean geometries, attractors with
few reflections (short attractors) and high (in absolute value) Lyapunov
exponents exist. This is the case of the band [0.5775,0.6545] and
[0.7235,0.7420]. In the first case, both equatorial and polar attractors
exist, while for the second only polar attractors appear. The peak for

= 0.6545 corresponds to an attractor with reflections infinitesimally
close to the critical latitude, where there is nearly infinite focusing. For
such attractors, the Lyapunov exponent goes to minus infinity as re-
solution in η increases (Rieutord et al., 2001).

For η<0.57, there are non-attracting periodic trajectories with a
Lyapunov exponent close to 0. In fact, it can be shown that for η≤0.5
all trajectories associated with the frequency =/2 0.5 are strictly
periodic and have a Lyapunov exponent equal to 0 (Rieutord et al.,
2001). For these ocean geometries if a ray is launched from the inner
sphere it will eventually return to the same point after some reflections,
explaining the horizontal lines in Fig. 2a.

The response of the fluid is characterised by the opposing effects of
wave focusing and viscous diffusion. The focusing effect of the
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geometry tends to focus energy towards small scales ultimately leading
to a singularity along the wave attractor. On the other hand, viscosity
diffuses the velocity countering the geometrical focusing effect and the
development of wave attractors. As we will now see, these two com-
peting effects determine whether a wave attractor is excited for a par-
ticular ocean geometry or not.

We start by choosing two ocean geometries with a high (in absolute
value) Lyapunov exponent, = 0.63 and = 0.73, and force the fluid
with the axisymmetric eccentricity tidal component for two different
Ekman numbers, 10 7 and 10 9. To achieve a truncation error less than

10 ,4 we use a resolution of =L 500 and =N 200 for =E 10 7 and
=N 200 and =L 1200 for =E 10 9. A meridional cut of the sphere

showing the amplitude of the kinetic energy and viscous dissipation is
shown in Fig. 3. For this tidal component the plots are independent of
the meridional cut. Also superimposed, we show the wave attractors
characteristic of these two ocean geometries.

As can be seen, in both cases wave attractors are generated. Internal
shear layers are clearly observed along the attractors where both kinetic
energy and viscous dissipation are enhanced. As in Rieutord and
Valdettaro (2010) we observe the importance of the critical latitude
singularity for producing the attractor. The attractor seems to be “fed”
by the shear layer emanating from for critical latitude. As expected, as
the Ekman decreases the internal shear layer becomes thinner.

We also explore the behaviour of the fluid for ocean geometries with
a low (in absolute value) Lyapunov exponent. In such cases, the critical
latitude singularity dominates the flow (Ogilvie and Lin, 2004; Ogilvie,
2009; Rieutord and Valdettaro, 2010). We distinguish two cases: ocean
geometries where periodic non-focusing trajectories exist (e.g.,

= 0.35, 0.5), = 0, and geometries with long weakly-attracting wave
attractors (e.g., = 0.75, 0.8815), Λ<0. For the first case, the shear
layer emitted from the critical latitude propagates following the char-
acteristics and widens slowly due to viscous dissipation and the lack of
focusing (Fig. 4a and b). In contrast, for the second case we observe the
focusing of the shear layer upon reflection (Fig. 4c–e).

For = 0.75 and 0.8815 we observe that as the ray approaches the
polar regions both kinetic energy and dissipation are enhanced
(Rieutord and Valdettaro, 1997). The effect of changing the Ekman
number is similar to that reported for those cases where wave attractors
appear. It is expected that if the Ekman number is sufficiently small the
focusing effect will prevail over viscous diffusion leading to the gen-
eration of long wave attractors for = 0.75 and 0.8815 similar to those
observed for = 0.63 and 0.73. However, the low Ekman number for
which this transition occurs requires resolutions currently computa-
tionally unattainable.

The case of = 0.8815 is especially interesting as it corresponds to
an Enceladan ocean thickness of around 30 km, which is close to

Fig. 2. Poincaré plot (a) and Lyapunov exponent (b) for a forcing frequency of =/(2 ) 0.5. In (a) the latitude of the last 100 reflection points on the inner sphere for
rays launched from ± 5° and ± 85° latitude are indicated for different inner to outer ocean radius ratios (η). The shaded region indicates reflections equatorward
of the critical latitude. Two specific ocean geometries for which short, highly attracting wave attractors exist ( = 0.63, 0.73) are indicated in red and shown in (c) and
(d), respectively. (b) gives the Lyapunov exponent for the polar attractors. (For interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)
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current estimates for Enceladus (Thomas et al., 2016; Čadek et al.,
2016; Beuthe et al., 2016). For this ocean thickness we compute the
maximum velocity amplitude of inertial tides and study the possible
manifestation of inertial waves on Enceladus’ surface. We find that the
maximum velocity amplitude varies from 0.5 to 3 cm/s for Ekman
numbers ranging from 10 7 to 10 10. Moreover, the maximum velocity
amplitude is always encountered in polar regions. These currents are
stronger than those induced by the eccentricity tide under the shallow
water approximation, which for realistic ocean thicknesses have a
magnitude of around 1 mm/s (Tyler, 2009).

Vermeersen et al. (2013) suggested that wave attractors in a polar
ocean basin could be the origin of Enceladus’ tiger-stripes; here we
investigate this hypothesis for the present configuration (an unstratified
global ocean of constant depth). Interaction between the fluid and the
ice shell are likely to occur at the inertial waves reflection points, where
we observe enhanced dissipation. For a 30 km thick ocean, we observe
that the pressure at these points is in the order of ∼1 Pa. Moreover, we
can estimate the melting rate of the ice shell at these points by assuming
that all the energy dissipated in a ray is focused there and does not
radiate outwards. We obtain a maximum melting rate in the order of 1
m every 10 kyr. Even though it is unclear how inertial waves would
interact with the ice shell, these numbers suggest that in an ocean of
constant thickness it is unlikely that tidally-excited inertial waves could
be the origin of observed surface features, such as the tiger stripes. More
work is needed to study if other ocean geometries can result in en-
hanced energy focusing and higher stresses.

4.3. Tidal dissipation

The main focus of this work is to study tidal dissipation within
Europa and Enceladus. We start by assuming an Ekman number of 10 7

and compute tidal dissipation for the different tidal constituents and

different ocean thickness ( = 0.3 1) as detailed in Appendix B
(Section 4.3.1). To strengthen our conclusions we analyse the effect of
varying the Ekman number on the degree-two order-zero tidal con-
stituent (Section 4.3.2). For the different shell geometries we first vary
the Ekman number between 10 104 8. We then study the asymptotic
behaviour of dissipation with decreasing Ekman number for some re-
levant shell geometries for which we use an Ekman number as low as
10 10.

4.3.1. Tidal dissipation for the different tidal components
Dissipation due to tidally induced inertial waves in Europa and

Enceladus for =E 10 ,7 is shown in Fig. 5. As a reference, we also in-
dicate the estimated value of radiogenic heating in Europa
(Hussmann et al., 2010) and the observed thermal output of Enceladus’
tiger stripes (Spencer et al., 2013).

It can be seen that the values of the tidal dissipation are well below
the reference values for both Europa and Enceladus. Moreover, when
we consider the region of the plot that corresponds to likely values of
ocean thickness on Europa and Enceladus, η>0.9 (Anderson et al.,
1998; Hussmann et al., 2002) and η>0.8 (Thomas et al., 2016; Čadek
et al., 2016; Beuthe et al., 2016), respectively, we observe that the
values of tidal dissipation are several orders of magnitude smaller than
radiogenic heating in Europa and the observed heat flux in Enceladus.
Nevertheless, it is interesting to study the contribution of the different
tidal constituents. We see that the axisymmetric eccentricity and east-
ward tide dominate the fluid response. Moreover, the order one ob-
liquity tide produces considerably lower tidal dissipation, especially in
Enceladus. This fact follows from the small amplitude of this tidal
component as compared with the others (see Table 1) .

For most tidal constituents the tidal dissipation curve is markedly
spiky (Fig. 5). There are values of η for which dissipation is enhanced by
more than one order of magnitude. The complex system of internal-

Fig. 3. Non-dimensional kinetic energy (left quadrant) and viscous dissipation (right quadrant) amplitude due to the degree two, order zero eccentricity tide for two
ocean geometries where short wave attractors exist. The patterns are shown for different Ekman number (E) and inner to outer ocean radius ratio (η). Polar and
equatorial wave attractors are superimposed in black and green, respectively, and the critical latitude is indicated in red. A logarithmic scale is used both for kinetic
energy and viscous dissipation. The maximum values of the non-dimensional color-scale correspond to a kinetic energy of 0.65 J.m 3 and 4.69 J.m 3; and a viscous
dissipation of 0.26 µW.m 3 and 4.97 µW.m 3 for Europa and Enceladus, respectively. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
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shear layers that arise due to the singularities of the problem results in
different values of dissipation for different ocean geometries. This is not
the case of the westward propagating obliquity tide whose dissipation is
given by a much smoother curve. This is because for a degree two, order
one forcing the equations of motion admit a purely toroidal solution
(Rieutord and Valdettaro, 1997), the so called “spin-over” mode. This
solution is an exact solution of the equations of motion in case stress-
free boundary conditions are used.

However, when no-slip boundary conditions are used for the west-
ward obliquity tide the “spin-over” mode disappears. The use of no-slip
boundary conditions results in the development of an oscillatory Ekman
layer at the solid-liquid boundary. The thickness of this Ekman layer
scales with ≈ E1/2, however at the critical latitude it thickens and
scales as ∼E2/5 over a region of width ∼E1/5 (Hollerbach and Kerswell,
1995; Kerswell, 1995). The thickening of the Ekman layer breaks the
symmetry of the problem and launches inertial waves that propagates
in the interior. However, the resulting internal shear layers are weaker
in this case than those generated by the other tidal constituents, dis-
sipation is dominated by the Ekman layer that forms in the solid-liquid
boundary which is less dependent on the shell geometry.

4.3.2. Dependence of tidal dissipation on Ekman number
We study the dependence of tidal dissipation with Ekman number.

For a given ocean thickness (η) we distinguish three different cases
depending on the behaviour of viscous dissipation in the limit E→0.
Dissipation can increase, decrease or become asymptotically constant.
We call the first and second cases resonance and anti-resonance, re-
spectively, after Rieutord and Valdettaro (2010). As we will see, the last
case is associated with the appearance of a wave-attractor Note that this
definition differs from the classic definition of a resonance, commonly
associated with the excitation of eigenmodes.

We start by varying the Ekman number from 10 4 to 10 8 for the
axisymmetric eccentricity tide (Fig. 6). For low Ekman numbers
( =E 10 , 104 5) the flow is dominated by the Ekman boundary layer
formed at the solid-fluid boundary and not internal shear layers and
wave attractors (see Fig. 4c). For such cases the dissipation curve is
smooth, similarly to the westward order one obliquity tide. As the
Ekman number decreases, internal shear layers and wave attractors
become the dominant features of the fluid response and the curve be-
comes more spiky.

We see that for small values of η dissipation decreases with Ekman

Fig. 4. Same as Fig. 3 but for ocean geometries with a small Lyapunov exponent. Rays emanating from the critical latitude (and not wave attractors) dominate the
flow response.
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number, an anti-resonance. The behaviour becomes more complicated
for thinner oceans for which resonances occur for some values of η (e.g.,
0.75, 0.807, 0.8415, 0.8815), moreover, we see that these cases cor-
respond to local maxima of tidal dissipation (in η). We select some re-
presentative cases of η in which we observe wave attractors ( = 0.63
and 0.73), anti-resonances ( = 0.35) or resonances ( = 0.76 and
0.8815) for further study. For these cases we further explore the change
of dissipation as the Ekman number decreases (Fig. 7). We use an
Ekman number as low as 10 ,10 which requires enhanced resolution
( =L 2000, =N 350) to achieve a truncation error of 10 3.

For a thick ocean ( = 0.35), dissipation decreases with decreasing
Ekman number. Dissipation approximately follows a power law of the
form ∼E0.35. As explained, for this ocean geometry, strictly non-at-
tracting periodic trajectories exist. Rieutord and Valdettaro (2018) have
shown that in such a situation the fluid responds to the excitation with a
flow characterised by an ever increasing wavenumber that ultimately,

when E=0, inhibits any response. This is actually the anti-resonance
associated with the periodic trajectory = sin( /6).

We now consider the two cases with highly attracting short wave
attractors, = 0.63 and = 0.73, depicted in Fig. 3. Fig. 7 shows that
for these two cases dissipation tends towards an asymptotic limit. In a
wave attractor there is a balance between focusing and diffusion. As the
Ekman number is reduced, the thickness of the internal shear layer is
reduced and the velocity gradient increased in such a way that dis-
sipation remains constant. This situation is similar to that observed in
Ogilvie (2005) who showed the asymptotic convergence of dissipation
in wave attractors in a rectangular container. It is also interesting to
note that the asymptotic limit is reached at higher Ekman numbers for

= 0.63 than for = 0.73. Fig. 3 shows that the = 0.73 attractor is
longer and less attracting, viscous dissipation acts along a longer dis-
tance and prevents the attractor from developing for high Ekman
number.

Fig. 5. Tidal dissipation amplitude due to tidally excited inertial waves in Europa (a) and Enceladus (b). The ocean is assumed to be within a spherical shell of
constant thickness (inner to outer ocean radius ratio, η). All values are computed using =E 10 7. The axisymmetric and non-axisymmetric components of the
eccentricity tide ( =m 0 and =m 2) as well as the obliquity tide ( =m 1) are considered. As reference, an estimate of Europa’s radiogenic heating and the power
radiated from Enceladus tiger stripes are indicated.
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Finally, we focus on two cases where a resonance occurs ( = 0.75
and 0.8815). These resonances are of special relevance if the Ekman
number of Europa’s and Enceladus’ ocean is very low, for example close
to that given by the molecular viscosity of water (10 1014 13). In such
a case, if a resonant state is attained, dissipation could be considerably
higher than the values computed for Ekman numbers several orders of
magnitude higher. As seen in Fig. 7, for these two cases dissipation
increases with decreasing Ekman number until it reaches a maximum
and then starts to decrease again. This behaviour can be understood by
analysing the resonance peaks in Fig. 6a. We see that as the Ekman
number decreases the curve becomes more spiky, the resonance peak
narrows. If the exact η for which the resonance occurs is not chosen,

dissipation will decrease with decreasing Ekman number as the re-
sonance peak becomes narrower. As is evident from this plot, our cur-
rent resolution does not allow us to resolve the exact value of η at which
dissipation reaches its maximum.

Higher resolution is needed in our explored parameter space to find
the exact resonant values of η. It is likely that at these exact resonant
ocean geometries the actual dissipation for an Ekman number close to
that given by the molecular viscosity of water ( =E 10 1013 14) is
several orders of magnitude higher than what we find in Fig. 6. How-
ever, we need to recall that as the Ekman number decreases the re-
sonance peak becomes narrower, thus a resonance would only occur
over a very narrow range of ocean thicknesses. For instance, we see that

Fig. 6. (a) Tidal dissipation amplitude in an ocean contained within a spherical shell due to inertial waves excited by the degree-two order-zero eccentricity tide. The
forcing frequency equals the rotational frequency of the body. Dissipation is given for varying ocean thickness, varying values of inner to outer ocean radius ratios (η)
and Ekman number ranging from 10 4 to 10 8. (b) is a zoom-in of (a) for the most relevant range of ocean thicknesses for Europa and Enceladus ( = 0.8 1).

M. Rovira-Navarro et al. Icarus 321 (2019) 126–140

135



by using = 126 m for Enceladus or 783 m for Europa the resonance
peak for = 0.8815 at an Ekman number of 10 9 is already missed. It
seems impossible that the ocean of Europa or Enceladus is of the
thickness precisely required for such resonances to occur, specially
since this would require the sea-floor and ice shell to be devoid of to-
pographical features of higher amplitude than the previously men-
tioned resolution.

5. Discussion and conclusions

In this work we analyse for the first time tidal dissipation due to
inertial waves in Europa and Enceladus. We consider tides caused by
the eccentric orbit of these satellites as well as their obliquity. We
consider an ocean contained within a spherical shell and use a spectral
method to compute tidal dissipation for different ocean thicknesses and
dynamic viscosity coefficients (given by the Ekman number). We ne-
glect the effect of the ice shell and argue that our results represent an
upper bound estimate for tidal dissipation for an ice-covered moon.

We find that dissipation depends strongly on ocean thickness and
Ekman number. One of the challenges in computing tidal dissipation is
the scarcity of information about Europa and Enceladus oceans. For
instance, the effective viscosity, which depends on small-scale dis-
sipative processes, is not known. It is for this reason that we analyse the
behaviour of the fluid for a wide range of Ekman numbers. For a given
ocean thickness we distinguish three different scenarios depending on
the behaviour of dissipation with Ekman number. If a wave attractor is
excited, an asymptotic limit is reached where dissipation is independent
of viscosity. Otherwise, there can be an anti-resonance or resonance
depending on the ocean geometry. Anti-resonant states, where we ob-
serve a decrease of dissipation with decreasing Ekman number, are
attained for unrealistically thick oceans; while resonant states, where
dissipation increases with decreasing Ekman number, are common for
shallower oceans.

After analysing the effect of changing the ocean thickness and
viscosity we conclude that under the aforementioned assumptions, tidal
dissipation due to inertial waves is several orders of magnitude smaller

than Europa’s radiogenic heating and Enceladus’ observed heat flux and
thus does not play an important role in preventing these oceans from
freezing. Still, we observe that the induced tidal currents can be one
order of magnitude stronger than those obtained using the Laplace
Tidal Equations (e.g., Tyler, 2008; 2009). We find that for a 30 km thick
Enceladan ocean tidal currents of amplitude 3 cm/s are excited. We also
consider the possible interaction of inertial waves and the ice shell and
conclude that for global oceans of constant thickness it is unlikely that
inertial waves could result in observable surface features.

The difficulty in explaining Enceladus’ present state through tidal
dissipation in its solid parts (ice and mantle) have led to a focus on tidal
dissipation within the ocean in the past years. However, so far tidal
dissipation estimations using the Laplace Tidal Equations have resulted
in low values of tidal dissipation for Enceladus’ estimated ocean
thickness (Tyler, 2014; Hay and Matsuyama, 2017; Matsuyama et al.,
2018). It was suggested that internal inertial waves might produce
enough additional tidal dissipation. Here we show that the direct gen-
eration of inertial waves in a spherical shell does not provide significant
additional heat to prevent the ocean from freezing either.

However, the discussion on tidal heating in the subsurface oceans of
the icy moons is far from settled. In our study we have made several
assumptions that need to be revisited. We have assumed the ocean to be
(1) unstratified, (2) of constant-thickness (no topography), and (3) we
have neglected non-linear effects. Each of these elements are discussed
in the next paragraphs.

We are limited by the absence of direct observations of the extra-
terrestrial oceans. We do not have any information about their density
structure, thus, we can only apply our knowledge of similar environ-
ments on Earth to make an educated guess. Following the suggestions of
Goodman et al. (2004) and Goodman and Lenferink (2012) we have
considered the ocean to be convectively mixed. However, under some
circumstances the ocean can be stratified (Melosh et al., 2004; Vance
and Brown, 2005). In a stratified ocean, internal gravity waves, which
play an important role in tidal dissipation on Earth (Garrett, 2003), can
also be generated, adding a new possible source of tidal dissipation.

In this study we consider an ocean contained within a spherical
shell. However, it is expected that Enceladus’ and Europa’s ocean basins
deviate from this idealised shape. It is known, for example, that
Enceladus’ ocean does not have a constant thickness. On the contrary,
the ice shell thickness varies from 7 km at the south pole to 24 km at the
equator (Beuthe et al., 2016; Čadek et al., 2016). Moreover, due to
rotation and tidal deformations both Europa and Enceladus have the
shape of a triaxial ellipsoid (e.g., Nimmo et al., 2007; Thomas, 2010).
Wave attractors also exist in more general ocean basins. We expect that
the conversion of large-scale tides into small scale inertial waves will be
facilitated by additional topographic variations. Inertial waves for
complex ocean geometries is an exciting topic for future work.

Besides, the barotropic tide given by the LTE highly depends on the
ocean’s basin geometry. The interaction of the barotropic horizontal
currents with topography excites internal waves. On Earth most tidal
dissipation occurs on the shallow continental shelf where barotropic
currents have a higher amplitude, but an additional ∼30% of tidal
dissipation occurs in the oceanic ridges due to the excitation of internal
waves (Egbert and Ray, 2000; 2003). The effect of topography on both
the barotropic and internal tide should be further studied.

Finally, in this study we have used perturbation theory, we have
ignored the non-linear terms in the momentum equations. The use of
non-linear terms would change the behaviour of the fluid. For example,
the boundary layer at the solid-liquid interface can break down to
turbulence. Wilson and Kerswell (2018) suggested that Enceladus ob-
served heat flux might be caused by libration driven boundary layer
instability. Non-linear terms also allow for the interaction of inertial
waves with other ocean currents such as the underling convective flow.
Another possible interaction is that of inertial waves with the mean-
flow excited by libration which can lead to the well-known elliptic in-
stability (Kerswell, 2002). This flow instability gives rise to fully three

Fig. 7. Non-dimensional tidal dissipation amplitude, as defined in Eq. (B.4), as
a function of Ekman number for different representative inner to outer ocean
radius ratio (η) for the degree-two order-zero eccentricity tidal component.

= 0.63, 0.73, corresponds to an ocean with wave attractors with high (in ab-
solute value) Lyapunov exponent; for = 0.35 there is an antiresonance; and

= 0.75, 0.8815 correspond to two resonant states. The markers indicate the
different numerical experiments performed.
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dimensional turbulence which might enhance dissipation and change
its geographical pattern. Both Europa and Enceladus might be subject to
this instability (Lemasquerier et al., 2017). Further experimental and
numerical work is needed to understand the relevance of this phe-
nomenon in heating the icy moons and shaping their surface.
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Appendix A. Numerical approach expanded

We solve Eq. (19) using the spectral method of Rieutord and Valdettaro (1997). We expand the different fields using vector spherical harmonics:
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Using the previous expansion the continuity equation becomes:
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The forcing terms fR and fT are given by :
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The values of fT and fR are obtained for the different tidal constituents. We need to obtain the non-dimensional components of the different
constituents of the equilibrium tide u(eq) in terms of spherical harmonics. We compute their amplitude by taking the time derivative of Eq. (6) and
using the definition of the equilibrium tide given in Eq. (16). We write the resulting expressions using the previously defined normalised spherical
harmonics Yl, m:
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Introducing Eq. (A.8) into Eq. (A.7) we can get the values of fR and fT for =m 0, =m 1 and =m 2 components, ( f f, ,R T
0 0 f f,R T

1 1 and f f,R T
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= = +f k r f k r k r
63

, 6 6 .R e l T e l e l
2

2
2

,3
2

2 2, 2 ,2i
(A.9c)

ke2e (ko1e) or ke2w (ko1w) should be used in the place of ke2 (ko1) depending if we solve for the westward or eastward wave. Note that the constant k
contains information about the physical characteristics of each moon. Due to the fact that the PDEs are linear we solve the system for =k 1 and
multiply the solution by the corresponding value of k to obtain the solution for each configuration.

By inspecting Eq. (A.5) it is clear that the different orders are decoupled, but there exists a coupling between degrees. However, not all the
degrees are coupled, symmetric ( +Xm) and antisymmetric (Xm) modes with respect to the equator are decoupled and can be solved independently.
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Note that for the =m 0 and =m 2 tidal components the +X0 and the +X2 solutions are excited, respectively, while =m 1 excites the X1 solution.
The partial differential Eq. (A.5) are discretised in the radial direction using the Chebyshev polynomials on the Gauss-Lobatto collocation nodes

(see Section 3.3). More details about this method can be found in Rieutord and Valdettaro (1997).

Appendix B. Tidal dissipation computation

We expand Eq. (20) as:

=D E d r r dr^ ( ) ,v
1 2

(B.1)

where d(r) is the dissipation in a spherical layer with radius r. We can write the previous equation using the spherical harmonic decomposition of the
velocity (Eq. (A.1)):
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(e.g., Rieutord, 1987). The total value of D̂v is obtained by numerically integrating Eq. (B.1). Finally, we obtain the dimensional value as:

=D k R D8 ^
v o v

2 3 5 (B.4)

where k depends on the tidal component considered and is given by Eq. (A.8).

Supplementary material

Supplementary material associated with this article can be found, in the online version, at doi:10.1016/j.icarus.2018.11.010.
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