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Turbulent cascades: MHD vs HD

MHD turbulence:

HD turbulence: interaction of wave packets
interaction of eddies moving with Alfven velocities
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Magnetohydrodynamic (MHD) equations

v+ (v-V)v= —piOVp—I— ﬁ(B . V)B + vV3v
9B =V x [v x Bl +nV*B

Separate the uniform magnetic field: B =By + b
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Introduce the Elsasser variables: 7T = v +

Then the equations take a symmetric form:

Ozt —(va-V)zT +(z7 -V)zT = -VP
Oz” +(va-V)z~ +(z"-V)z™ =-VP

With the Alfven velocity v = By/v4mpg

The uniform magnetic field mediates small-scale turbulence



MHD turbulence: Alfvenic cascade
0z F (va-V)zt + (zT7 - V)zt = —-VP + V225 1=
|deal system conserves the Elsasser energies

Et = [(z7)*d’z _ E=1[0P+)dPr
E- = [(z7)?d® HY = [(v-b)d*z
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E* ~ E-: balanced case. E* > E : imbalanced case
HC = [(v-b)d®z = H(ET —E7)#0 4



Strength of interaction in MHD turbulence

0z= F (v - V)z*T + (2T - V)zT
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(kHUA)Z:I: (kJ_Z:F)Z:l:

—VP + - V?z= + =

When kHUA > k| zT turbulence is weak

When ]-CHUA ~ k| 2T turbulence is strong



Weak MHD turbulence: Phenomenology

Three-wave interaction of shear-Alfven waves
w(k) = |k.|va

interact, therefore, k,, and k,, should
k =k; + ko have opposite signs.

U

Either k1., =0 or ko, =0

{ w(k) = w(k1) +w(k2) Only counter-propagating waves

Wave interactions change K, but not Kk,
Atlargek,: FE(k, k) ) o g(kz)klﬁ

Montgomery & Turner 1981, Shebalin et al 1983



Weak turbulence: Analytic framework
[Galtier, Nazarenko, Newell, Pouquet, 2000]

In the zeroth approximation, waves are not interacting.
and z* and z" are independent:

(zT(k) -zt (K)) =e (k. k1 )d(k + k')

(z= (k) -z=(K')) =e (k. k1 )o(k+ k')

(z7(k) -2z~ (k') =0

When the interaction is switched on, the energies
slowly change with time: e*(k,, k. ,t)

Ozt — (va-V)zt + (2T - V)zt = -VP

O (22t = . (z 7z 2ty + (2727 2T)...
O{z=zT2T) = (2272 2T) +(z7272T2T) + (272727 2T) ...
™~ t el
split into pair-wise correlators using Gaussian rule



Weak turbulence: Analytic framework
[Galtier, Nazarenko, Newell, Pouquet, 2000]

O (zTzt) = .. {z 2z zt) + (2727 2T)...

Bz 2t 2ty = (2Tt + (222t et 4 (a2t
™~ f 7

split into pair-wise correlators using Gaussian rule

Oet(kz ki) = [ My pee(0,qu1) [eF (ko kL) — e (kz,pL)] 0k —p1—qu)d?pd?q

_ 7w (kixqi)®(ki-pi)?
Mk;,pq — va k2 p2 42
1#19)

This kinetic equation has all the properties discussed in the phenomenology:
it is scale invariant, z* (z°) interact only with z (z*), k, does not change
during interactions. 8




Weak turbulence: Analytic framework
[Galtier, Nazarenko, Newell, Pouquet, 2000]

Oe=(ka ki) = [ My pgeT(0,q1) [e=(kz, k1) — eF(kz,p1)] 0k —pr—qu)d®pdiq

Consider statistically balanced case: ¢t = ¢~
The general balanced solution of the Galtier et al Egs is:

et (ks ki) =e (ks ko) =gk )k

where g(k,) is an arbitrary function smooth at k,=0.
The spectrum of weak balanced MHD turbulence is therefore:

EE (ko k1) = e (koo ki )21k o kT2

Ng & Bhattacharjee 1996, Goldreich & Sridhar 1997




Weak turbulence spectrum

In weak MHD turbulence, energy is transferred to small scales in the
field-perpendicular direction:

N L —2 | Galtier et al
BO \ E(k) X g(/{H)kL (2002)
V=t
Energy supply § Weak turbulence
by external force energy cascade

——————

1
1
1

02= F (va - V)at + (2T - V)2t = VP + L V2%E 1+

Linear terms do not change Nonlinear terms increase

Eventually, turbulence becomes strong! 10



Weak MHD turbulence
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energy weak MHD K.
supply turbulence
E(k,) < k,?
@ 1.0F
0.1 _ (2009)

SB & J. C. Perez
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E* (ko )k’
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Imbalanced weak MHD turbulence:
Numerical results

Balanced

Imbalanced—
Inconsistent with
the theory!
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Residual energy in weak MHD turbulence

(2t (k) - 2T (K)) = eT (k) k)o(k + k) \/
&)z (&) = (b, k)sk+k)
2zt (k) -z~ (K)) = ¢ (ky, k1 )d(k +K) £ 0

<
4+ 2 2 since the waves
<Z " Z > < —b > \ are not independent!

What is the equation for the residual energy?

15



Residual energy in weak MHD turbulence

 Waves are almost independent —
one would not expect any residual energy!
« Analytically tractable:

Oq" = 2tk vaq” — g+
+ [ Ripgle’ (a) [e~ (p) — e~ (K)]+e (q) [e*(p) — et (k)] }0(g))d(k—p—q)d’pd’q

where: Ry, = (mva/2) (k. x q1)? (ks -p1)(ki-qu)/(Kp2q})

Conclusions:
 Residual energy is always generated by interacting waves!
« [...<0, so the residual energy is negative:

magnetic energy dominates! e =(z"-z7) = (v’ —b*) <0

Y. Wang, S. B. & J. C. Perez (2011) 16
S.B, J. C. Perez & V. Zhdankin (2011)




Residual energy in MHD turbulence

kll Residual energy
E (k,)=Eg—Eyox k™

s

}4 P s :
- e LT

energy weak MHD
supply turbulence strong MHD

E.(K,) o k2 turbulence

Here E, ~ E,; !

Also, turbulence
becomes strong!

Wang et al 2011 18



Residual energy in weak MHD turbulence

e = (z"-z7) = (v2 —b%) ox —€*k°A(ky)

—2.2E4+00 —1.3E4+00 —3.5E-01 5.6E—-01 1.5E400
S S— |

A(k) ) is concentrated at

k“ < 062]@_

“condensate”

ER(kJ_) = f e"“(k”, k'J_) dk“

1
ock:l

1 1
1 10 100

Y. Wang, S. B. & J. C. Perez (2011) 18
S.B, J. C. Perez & V. Zhdankin (2011)



MHD turbulence in the solar wind
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Energy spectra in the solar wind and In
numerical simulations

Solar wind observations:
spectral indices Iin
15,472 independent
measurements.

(From 1998 to 2008,

fit from 1.8 x 104 to

3.9 x 103 Hz)
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Number of Occurrences (%)

Numerical simulations:
spectral indices in 80 -
iIndependent snapshots,
separated by a turnover
time. >ep

S.B., J. Perez, J Borovsky & C
J. Podesta (2011) 000 et T S




Spectrum of strong MHD turbulence:

balanced case
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_____________ Re=2400 .
Re=6000
Re=15000

Total energy, resolution up to 20483

Machine

Recall

0.01 0.10 1.00
I'(J_T]
Computational resources: DoE 2010 INCITE,
. Intrepid, IBM BG/P at Argonne Leadership Computing Facility

Perez et al, Phys Rev X (2012)

the phenomenological prediction for the spectrum : -5/3 21



Spectrum of strong MHD turbulence:
Imbalanced case
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Possible explanation of the -3/2 spectrum
Dynamic Alignment theory

Fluctuations gv, and §b, become spontaneously aligned
in the field-perpendicular plane within angle &)

OV db

Gradient
f
/Qb
pog
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Numerical verification of dynamic alignment

0.2

Sc.’r'oss (T) — { | 5{}?_

Alignment angle:

% b, |)

Res= 512°
— — —— Res= 1024°
Res= 2048°

/

0.001 0.010  0.100

S (r) = (16,15,

0, ~sin(6,.) = Seross(1)/Sa (1)

Magnetic and velocity fluctuations
build progressively stronger
correlation at smaller scales.

Form sheet-like structures

Mason et al 2011,
Perez et al 2012
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Physics of the dynamic alignment

Hydrodynamics: %v +(v-V)v=—-Vp+rvViv

E =1 [vi(x)dz

v+ (v -V)v= ——Vp + 4@ (B-V)B + vV3v
9B =V x [v x B] + nVB

MHD:

E=1[(*+b*)d*z HY= [(v-b)dz

Energy E is dissipated faster than cross-helicity HC
20?2 +b)d3z — A [(v-b)d®z] =0
S [[(v? +03)dPz — A [(v-b)d3z] =0

U

v(x) = +b(x) -



Residual energy in weak MHD turbulence

k) Residual energy Residual energy ~ End of the story?
E(k)=Eg—E,oxk, 1  E(k)=Eg-Eyock,?

R e

jas Y

energy weak MHD
supply turbulence strong MHD

Eioi(K,) x kL'2 turbulence
1 E(k,) o< k, 32

Muller & Grappin 2005

Wang et al 2011
18




Spectrum of MHD turbulence

E(k,)

Cascade is not

&h
9 terminated here!

V
NCGSCQ O,e

Inertial interval ,
E(k,) o k[ E(k,) o k?®

ko 1/p; ko
w =k Vy <Q; whenk; ~1/p;
At subproton scales turbulence is highly anisotropic: k; > k,

cascade continues as Kinetic-Alfven turbulence!
This may explain how plasma is heated.

[Howes et al 2006]
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Sub-proton fluctuations in the solar wind
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Also: Safrankova et al (2013)
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Conclusions

Magnetic plasma turbulence goes through the

three universal regimes:

- weak MHD turbulence

- strong MHD

- strong kinetic Alfven

distinguished by their energy spectra and v-b correlation.

Effects of self-organization are crucial for understanding driven,
steady-state plasma turbulence, in particular the effects of:
magnetic energy condensation and residual energy generation;
small-scale intermittency

High-resolution magnetohydrodynamic numerical simulations
become very efficient and they allow for direct comparison with
observational data.
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