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Forget Fluid Dynamics q?xfmd

ysics,

Strictly speaking, fluid (hydro, MHD, two-fluid/Braginskii...) equations

are only valid in the collisional limit:

L[> Ay w << V4

because they rely on particles being in local Maxwellian equilibrium,
so they can be described by a few fluid moments: density, flow velocity,
temperature (++perhaps fields: magnetic, electric)

This means they are OK in dense, cold environments:
wind in Chamonix valley, sodium dynamo, Earth mantle, solar convective
zone, molecular clouds, some accretion discs...

They are NOT OK in hot, dilute astro and laboratory plasmas:
solar wind, warm/hot ISM, intergalactic, tokamaks, LAPD, MPDX...



Large Scales and Small Scales q?xf“d

ysics,

In fact, fluid description is perhaps OK at large scales, but virtually
never on small (turbulence scales):

f ;‘o g 5.1;
Slow, collisionally enforced Fast collisionless fluctuations
large-scale local equilibrium (turbulence),
(Maxwellian) often driven by gradients
in the equilibrium profiles
NB: even that i1s often not quite so, (VT , flow sheat, etc...)

but I will not deal with non-Maxwellian
equilibria in this lecture
(see lectures by Kunz, Sulem, Passot
on effects of pressure anisotropies:
a difficult pootly chartered terrain,
exciting area of current research)



xford

Plasma Turbulence Extends to Collisionless Scales

hysics.

Turbulence in the solar wind
[Sahraoui et al. 2009, PRL 102, 231102]

M ~ 108 km (~1 AU)
L.~ 10° km
0; ~ 10? km
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Plasma Turbulence Extends to Collisionless Scales

hysics.

Turbulence in the solar wind
[Alexandrova et al. 2009, PRL 103, 165003]

M ~ 108 km (~1 AU)
L.~ 10° km
0; ~ 10? km
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Plasma Turbulence Extends to Collisionless Scales 7 ics.

Interstellar medium: ~ Great Power Law in the Sky~
[Armstrong et al. 1995, Ap] 443, 209]
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Plasma Turbulence Extends to Collisionless Scales

xford

hysics.

L ~ 10" km (~1 Mpc)
2y ~ 101 km (~1 kpc)
p; ~ 10* km

ep(K)*k [erg cmi®)

fe-11 ¢
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Intracluster (intergalactic) medium

Hydra A cluster [Vogt & Enf3lin 2005, A&A 434, 67]
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What Is Turbulence in Such Systems? (P~

ysics,

Turbulence is always energy conversion

from mean motions and fields into S“i/e
heat (internal energy) | MACRO ENERGY

4 INJECTED

At
TRANSPORTED
In a weakly collisional plasma, it is
nontrivial question how 1)

@ nontrivial question bow 1his energy MICRO ENERGY
is partitioned between electrons, DISSIPATED

1ons, minority admixtures, fast particles etc. . .



The T./T, Problem (Qyifif

» We know that T # T is a non-equilibrium situation (entropy will
increase 1f temperatures equalise)
» We know of no mechanism other than 7-¢ Coulomb collisions
that would equalise temperatures (e.g., no instabilities or fluxes, like
with gradients). But Vje is very small in weakly collisional plasmas
» Where we can measure both temperatures (lab, space), they tend to
be within a factor of order unity of each other
» In extrasolar or extragalactic plasmas, we normally assume T, = T,
unless it 1s opportune to assume otherwise (I, >> T, in some models
of some accretion discs), but actually we have no idea what they are
» Fundamental question:
Will turbulence equalise (or drive apart) T.and T, 7 lLe.,
* It T.> T, then ion heating < electron heating
* If T, <T, then ion heating > electron heating
If not, can we predict T,/ T, as a function of 8 ?



Turbulence Is a Nonlinear Route to Dissipation

du+u-Vu=—-Vp+vViu+f, V-u=0

d3r

Vul? l, ~ (V3/e)/4 ~ LRe 3/*

NB: viscosity can be arbitrarily

e=(1/V) [d*ru- f

If cascade 1s local,
intermediate scales fill up
= K41, spectra,

and all that

(see Boldyrev’s lecture)

E(k) small, but not zero,

scales will adjust
J=513

energy
iy dissipated
energy  energy transported
injected
| k,
1 inertial range 4
L 9
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Plasma Turbulence _45 1n:t0 (sticsm

T AT
m c Jv ot ).

energy injection (model)
v'E:4ﬂZqSﬂs: nS:]dEva?
10F 41 . L . 3
v}{B—Eat—c(j‘l‘jext): .?_Zszgs/‘d'”ﬂfsﬁ
%:—cvxﬁf, V-B=0

PPCF 50, 124024 (2008)
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Plasma Turbulence _45 1nit0 (Bysicsm

d3r mv? d [d¥r E?+ B?
o [ e L[
/ m

—(1/V) [d’r E - jeoy

Work done energy 1n]ect1on (model)
?-E:4ﬂZQ‘sﬂs= ns:/davfs-.u

1 SE 47 . ," . 3
?KB—E&:E(3+jm)= j:ZS:Qs/d“Ufs?
0B

PPCF 50, 124024 (2008)
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Plasma Turbulence _45 1nit0 (sticsm

d*r d [d E?+ B2
Z/dﬂ mﬂfs—f—E joe— o [SEET

Work done —(1/V) f &rE - jex

energy 1n]ect1on (model)
Entropy produced:

L L P I Ly PR AR

Boltzgmann 1872
fs — F[ls + 6}05 Fll]s — nﬂs(ﬁ'utghs)_afg Exp(_yg/vtzhs)

Then vihs = (2T0s/ms)"/?
fslnfs — (FOS . o 5fs)ln [FOS (1 -+ (;‘fs )}

Os

Jh

(to second order)

~ (FOS +5fs)lnFOs +5f3 —

PPCF 50, 124024 (2008)
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Plasma Turbulence _45 1nit0 q?ysicsm

d*r d [d E?+ B2
Z/da mﬂfs—f—E joe— o [SEET

Work done —(1/V) f &rE - jex

energy 1n]ect1on (model)
Entropy produced:

d3 3 m_g'U dE 3 T[}Séfsz
T, & = dt[/ /d Fnswfs)—f fd zFUJ

d*r 1 sﬁfs Ao fs ,
/ / - F ( ) —ﬂu.sl*’_sgs fTDs — T[Is’)

foln £ = (Fbe + 655)In [FOS (1 2 i{)]

of2
2F03

(to second order)

~ (FOS +5f3)h1FOs +5f3 —

PPCF 50, 124024 (2008)
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Plasma Turbulence _45 1n:t0 q?ysicsm

d*r s MU d [d*r E*+ B?
N Y

Work done —(1/V) f &rE - jex:

energy 1n]ect1on (model)
Entropy produced:

d3 3 m_g'U dE 3 T[}Séfsz
T, & = dt[/ /d Fnswfs)—f fd zFUJ

d*r 1 sﬁfs Ao fs ,
/ / - F ( ) —ﬂu.sl*’_sgs fTDs — T[Is’)

. 5}’2 2 PPCF 50, 124024 (2008)
3 Os +
Z/d ZFDS S

~ dET‘ 3 Tﬂsgfs aéfs
_c+/?zs:/dﬂ F[]S (3’!’.‘ E

d3
il v




xford
Plasma Turbulence _45 1nit0 q?ysicsm

d*r d [d E?+ B2
Z/da mﬂfs—f—E joe— o [SEET

Work done —(1/V) f &rE - jex:

energy 1n]ect1on (model)
Heating:

3 +::1T5 d3r Tos0 fs ( 00 fs
_ﬂl]s 0 / /dg k f ( f) DSHE (Tl]s Tl]s')

Fluctuation energy budget:
PPCF 50, 124024 (2008)

d*r T[l 5f2 E? + B? \
d3ey =
|5 > /

~T6S energ heating

/d3 Z/dg Tﬂsgfs (aéfs)
1nectlon C




xford
“Energy” in Plasma Turbulence [Physicsm

d [d’r .
il v 2

Toso f2 E? 4+ B?
ZFDS S
~T0S energy

injection

/d3 Z/dg Tosd fs (aéfs)

heatmg

Generalised energy = free energy of the particles + fields

Kruskal & Oberman 1958
Fowler 1968

Krommes & Hu 1994
Krommes 1999

Sugama et al. 1996
Hallatschek 2004

Howes et al. 2006
Schekochihin et al. 2007
Scott 2007

Abel et al. 2013

PPCF 50, 124024 (2008)



xford
“Energy” in Plasma Turbulence [Physicsm

z/dﬁ

d3
il v

Toso f2 E? —|— B*
2F; Os
~T0S energy

Z / dg Tﬂsgfs aéfs
at C
injecyon heatmg

Generalised energy = free energ\yO\fthe p\ﬁzles + fields

Kruskal & Oberman 1958
Fowler 1968

Krommes & Hu 1994
Krommes 1999

Sugama et al. 1996
Hallatschek 2004

Howes et al. 2006
Schekochihin et al. 2007
Scott 2007

Abel et al. 2013

NB: LLandau damping is a redistribution
between the e-m fluctuation energy and
(negative) perturbed entropy (free
energy). It was pointed out already

by Landau 1946 that 0f, does not decay:
“ballistic response”  J fs oc e kvt

PPCF 50, 124024 (2008)



xford
Analogous to Fluid, But... q?ysicsm

d3
il v

z/dﬂ

T[Eﬁfg E? + B?
ZF{}E S
—T6S energy

o /d3 Z/da Tosd fs (86]"5)

injection

T heatmg

du+u-Vu=-Vp+Vu+f

d
dt

d3r u?
— — =g —V

|

3
f VY

e=(1)V) [d*ru- f

small scales in 6D

Dhase space

small scales in 3D

Dhysical space

PPCF 50, 124024 (2008)
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Analogous to Fluid, But... q?ysicsm

Z / oy Tdf2 | B2+ B2
ZFDS S
~T6S energ

o /d3 Z/dﬁ Tosd fs (36}})

injection I heatmg

d3
il v

small scales in 6D

Dhase space

9 () 2 () U UVii 1/2 1 .
ViiUswi | = ~ W = ~ (—) ~ < 1

dv Uthi W \/ l‘| | Am fp

Small scales in velocity space (phase mixing)

PPCF 50, 124024 (2008)



Linear Phase Mixing q?"f"rd

ysics,

96f . 86f _ (05f
W Ty TR ( ot )C

Can think of this >
as shear I
in phase space particle streaming  perpendicular nonlinearity,

along magnetic interaction with fields, etc.
tield (to be dealt with later)



Linear Phase Mixing q?"f"rd

ysics.,
osf | 98f . (00f
v + stuff = |
o ' oz ot ).
Can think of this >
as shear I
in phase space particle streaming  perpendicular nonlinearity,
along magnetic interaction with fields, etc.
tield (to be dealt with later)

“Ballistic response”: df oc etFIvIt
(always part of the Landau damping solution)
c%f . (5’0” 1

— = ik td ->
Ov| L Veh K| Vthl

— 0 as t—

So small-scale structure forms and is eventually

wiped out by collisions (but we will see that there is a much
faster nonlinear mechanism for that: turbulence)



Fromm MHD to Kinetic Scales q?m’d

ysics.

Let us now see what happens nonlinearly: the turbulent cascade
starts as MHD turbulence and gets to collisionless scales, then what?

. OB

)
>
energy

injected

v

l\|| /\mfp ~ 1

SIE



MHD Cascade Is Anisotropic

@xford
hysics.

* Strong anisotropy:

* Strong nonlinearity:

. ~ .
a)hnear 6()l’lOIlhIleElI‘

In magnetised plasma,

confirmed by numerics (MHD)
and observations (solar wind, 1SM)

w~ kjva~kiuy

Critical balance as a physical principle

(see Boldyrev's lectures)

* (2+1)D route through

phase space:

I Ky

Ak
%

v

SOLAR WIND
[ . 1. —'Fouriel PO\lﬂer
o1 _
10 3 . f —O—P"
s .. +P.L
10° |
10°
10
100 1
10-15
107

: [Wicks et al. 2010,

 MNRAS 407, 131 |

il

-4 -3 -2 -1 0
10

kpi

10 10



Turbulence Reaches Larmor Scales and Beyond

. ﬂ 1 In magnetised p/ozsw.cz,

* Strong anisotropy: 3 < confirmed by numerics (MHD)

- and observations (solar wind, 1SM)

» Strong nonlinearity: |w ~ kjjva ~ kiul SOLAR WIND
Wiinear ~ Whonlinear i f—JI | —'Eourier Pci\'uer-
Critical balance as a physical principle D
(see Boldyrev's lectures) 10°k

* (2+1)D route through .

phase space: 10"
k| kipi~ 1 ol
|
21? 107k
| 107} [Wicks et al. 2010, §
- MNRAS 407, 31 ] M
| L 107 107 107 107 10°




Turbulence Reaches Larmor Scales and Beyond

k [ In magnetised plasma,
* Strong anisotropy: H L Y| confirmed by numeries (MHD)
' and observations (solar wind, 1SM)

* Strong nonlinearity: |W ™~ kjva ~kiuy

Whinear ~ Phonlinear SOLAR WIND

Critical balance as a physical princip. 10% E>~_
(see Boldyrev's lectures)

100}
* (2+1)D route through 1072

phase space

e Stuff happens at k_Lpi ~ 1

107"

107°
107+
ol [Sahraoui et al. 2009, |
10" PRL 102, 231102] L, pe e

0.017  0.10 1.00 10.00 100.00
frequency (Hz)



Turbulence Reaches Larmor Scales and Beyond

k [ In magnetised plasma,
* Strong anisotropy: C <1 confirmed by numerics (MHD)
| and observations (solar wind, 1SM)

» Strong nonlinearity: |w ~ kjva ~ kiuy

. ~ .
a)hnear a)nonhnear

Critical balance as a physical principle

(see Boldyrev’s lectures) TOKAMAK DNS
10.000 FT g T
* (2+1)D route through 000 7:=0‘07 .A
phase space ~ "‘
~ [ -
* Stuff happens at k) p; ~ 1 7 0.100F | & ETG
- 5 o 8%,
> - o
NB: This transition 1s also key in 0.010 ’. T ?
fusion plasmas, whence comes 0.001 I G wl
much of the appropriate 0.1 {0 10.0
theoretical machinery kp,

ko’s lect A
(see Jenko’s lecture) [Roach et al. 2009, PPCF 51, 124020]



Turbulence Reaches Larmor Scales and Beyond

* Strong anisotropy:

In magnetised plasma,
confirmed by numerics (MHD)
and observations (solar wind, 1SM)

* Strong nonlinearity:

w~ kjva~kiuy

. ~ .
a)hnear a)nonhnear

Critical balance as a physical principle

(see Boldyrev’s lectures)

* (2+1)D route through
phase space

* Stuff happensat k; p; ~ 1

NB: This transition 1s also key in
fusion plasmas, whence comes
much of the appropriate
theoretical machinery

(see Jenko’s lecture)

10

_25— eB=18T

TORE SUPRA

O OI | | | |
He plasmas

oB=38T

"[Hennequin et al. 2004,
PPCF 46, B121] |

|
0.5 1 156 2 25




Turbulence Reaches Larmor Scales and Beyond

* Strong anisotropy:

In magnetised plasma,
confirmed by numerics (MHD)
and observations (solar wind, 1SM)

* Strong nonlinearity:

w~ kjva~kiuy

. ~ .
a)hnear a)nonhnear

Critical balance as a physical principle

(see Boldyrev’s lectures)

* (2+1)D route through
phase space

* Stuff happensat k; p; ~ 1

NB: This transition 1s also key in
fusion plasmas, whence comes
much of the appropriate
theoretical machinery

(see Jenko’s lecture)

(IneP) / (neo ps/ R)*

TOKAMAK DNS

[Gérler & Jenko (2008), |
PoP 15, 102508] ‘




xford
Critical Balance as an Ordering Assumptlonq?ysicsm

k|

IiI_L

* Strong anisotropy: € 7Y < L\ (this is the small parameter!)

» Strong nonlinearity: |w ~ kjva ~ kiuy
(critical balance as an ordering assumption)




xford
Gyrokinetics [Physics,.,

e Strong anisotropy: € ~ 7— <K 1 (#his is the small parameter!)

* Strong nonlinearity: W ™~ kjva~kiug —
. . : w kpva kipi
(critical balance as an ordering assumption) — ~ ~—c

O VB

e Finite Larmor radius: ki1pi ~ 1

b\ Low frequency
- W v mf
« Weak collisions: —— ~ —I_mip
Vi i

GK ORDERING: fs= Fyps+0f,

ofs JOB jep ki P w

F Os BO Te k_L Amfp Qz

[Howes et al. 2006, ApJ 651, 590
& refs. therein]



xford
Gyrokinetics: Kinetics of Larmor Rings (physicsm
B

Particle dynamics can be averaged over
the Larmor orbits and everything reduces
to kinetics of Larmor rings centered at

VXz Catto
€ transformation

Rs=r+

Constant Potential
4 Surface

and interacting with the electromagnetic
fluctuations.

5f5 — _QSWFIJS/TDS + hs(t: Rs-; i*’J?:l 1'-’1||)

Boltzmann bit distribution of rings

only two velocity variables,
Le., 6D — 5D

[Howes et al. 2006, ApJ 651, 590
& refs. therein]
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Gyrokinetics: Kinetics of Larmor Rings (sticsm

Particle dynamics can be averaged over
the Larmor orbits and everything reduces
to kinetics of Larmor rings centered at

VXz Catto
€ transformation

Rs:r+

Constant Potential
4 Surface

and interacting with the electromagnetic
fluctuations.

5f5 — _qSiIaFﬂS}/TDS + hs(t: Rs-; vy, 1'-’1||)

ohs  Ohs ¢ 0:Fos O R, (ahs)

= h) =
o U, TR X0R. hs} T,. ot ot

X =¢—v-Alec, B=Byz+46B, B =V xA

+ Maxwell s equations (x(@,r,v))r, = — / dpx (
(quasineutrality and

)

[Howes et al. 2000, Ap] 651, 590
& refs. therein]

Ampére’ s law)
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Gyrokinetics: Kinetics of Larmor Rings (sticsm

Averaged gyrocentre drifts:

* ExB, drift
* VB drift Averaged
* motion along i
perturbed fieldline vavesrihe
interaction

Constant Potential
4 Surface

dR;\  Ihs
dt /g OR,

ahs ahs SFSa 4 ahs
n s Fos 9(X) R, n ( 3,5)

X =¢—v-Alec, B=Byz+46B, B =V xA

2 A
+ Maxwell s equations (x(t,r,V))R, = %/ dox (t,RS— vg Z’v)
<7 Jo

. . S
(Xuaﬂ{le‘}tfihw) and [Howes et al. 2006, Ap] 651, 590
mpere S 1aw

& refs. therein]



GK Phase Mixing (Entropy Cascade) (Qyif

linear phase mixing nonlinearity (VE)Rr, - VR;

(slow; ask
o, on o 9 Ze(y)
i i (i 1 € ':P R;

] e o] . '_I't_ — — F“.E
ot U5, TE (P)R;, hi} (at) 5t Ty
electrostatic for collisions
simplicity: X = ¥

* Gyroveraged fluctuations mix h; via this term,
so h; developes small (perpendicular)

: N 7
scales in the gyrocenter space:|k p; > 1 v, /9, ()2 @ C G

PPCF 50, 124024 (2008)
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GK Phase Mixing (Entropy Cascade) hysics.

linear phase mixing nonlinearity (VE)Rr, - VR;

(slowy ask
o, on ohi\ O Zelp)m
i r i i _ N 14 _ P LR, |
at +IL|| 83. + Bﬂ (ET“r}HJ:Jh’I} ( at )c /a_‘/Tﬂi Fﬂt
‘ collisions

* Gyroveraged fluctuations mix /; via this term,
so h; developes small (perpendicular)

7
scales in the gyrocenter space: ki p; > 1 ﬁ,,."'sz, O/ - @‘ C\ -
* In this limit, free energy conservation is - oY Y A X,
: X
d 3py 3 Ni sy 3y, i [ Ohi é% Q> \
— : - , <
7 d°R;d VZFOz' /d R;d va 5 C_O N

MO 3 |
COR: (o g
This is (minus) the entropy of the perturbed G\ﬂ 57 /

distribution; it is damped only by collisions Q> v @-Q <))
(Boltzmann!), so /&, must be phase mixed B
to small scales in velocity space. HOW? PPCF 50, 124024 (2008)



xford

GK Phase Mixing (Entropy Cascade) hysics.

linear phase mixing nonlinearity (VE)Rr, - VR;
(slowy ask j

ohi ok /W/) ohs\ O Felpim .
i C
+ (P)R;, hi} —( ) E

04

ot

- o Ty,

collisions

8‘*" B‘D ‘

* Gyroveraged fluctuations mix /; via this term,
so h; developes small (perpendicular)
scales in the gyrocenter space: kip; > 1

* Two values of the gyroaveraged potential
()R, (v) and (p)r,(v') come from
spatially decorrelated fluctuations if

~

vy v 1 N ov | 1
Qvi Qz k L Uthi k 1 Pq

[This perpendicular nonlinear phase-mixing mechanism

was anticipated by Dorland & Hammett 1993 PPCF 80, 124024 (2008)



GK Phase Mixing (Entropy Cascade) (Byzfcsd

linear phase mixing ~ nonlinearity (VE)R, + Vh;
(slowy ask l

oh,  *on"" e ohi\ O Zelp)m L.
i i C i : _
T +—{(9¢}H,-=hz-}—( ) = f Fy

ot 0z By ot M
‘ collisions
* Gyroveraged fluctuations mix /; via this term, [Tatsuno et al. 2009,

so h; developes small (perpendicular) PRL 103, 01?003]

scales in the gyrocenter space: kip; > 1

* Two values of the gyroaveraged potential

()R, (v) and {p)Rr, (V') come from
spatially decorrelated fluctuations if

vy v 1 ov | 1 3
— ——m — ) — ;X. Ny ul ‘i‘ <4
2 (2, ki Uthi ki p; 1 i

[This perpendicular nonlinear phase-mixing mechanism ‘ ﬁ

was anticipated by Dorland & Hammett 1993 PPCF 80, 124024 (2008)
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Entropy Cascade q?ysicsm

* The cascade is now in phase space, involving both position and
velocity, because entropy must get to small scales in velocity

* G. Plunk has developed a spectral formalism to quantify perpendicular
velocity-space structure via Hankel transforms:

hi(k,p,v)) = QW/dUJ_U_LJO(p'U_L)hi(ka v1,7))

E(k,p) = p(|hi(k,p)|?) [Plunk et al. 2009, arXiv:0904.0243]
e T. Tatsuno found the cascade >
along the (k, p) diagonal in his 20
2D GK DNS

[Tatsuno et al. 2009, PRI. 103, 015003;
more detail in arXiv:1003.3933] 5




xford
Entropy Cascade (stics

* The cascade is now in phase space, involving both position and
velocity, because entropy must get to small scales in velocity

* G. Plunk has developed a spectral formalism to quantify perpendicular
velocity-space structure via Hankel transforms:

bl pyoy) = 2n [ doo oo (kL)

log10 [W, (k1,p) / W] @ t=5.0

» ' 100 -1
E(k,p) = p(|hi(k,p)[*)
50 -2
e T. Tatsuno found the cascade
along the (k, p) diagonal in his 20 -3
2D GK DNS < 10 | .
[Tatsuno et al. 2009, PRI. 103, 015003;
more detail in arXiv:1003.3933] 5 5
2 -6
-7




xford
Entropy Cascade (stics

* The cascade is now in phase space, involving both position and
velocity, because entropy must get to small scales in velocity

* G. Plunk has developed a spectral formalism to quantify perpendicular
velocity-space structure via Hankel transforms:

fzi(k,p,v“) = Zw/devlJO(pvl)hi(k,vl,v”)

log10 [W, (k,p) / W] @ t=0.0

E(k,p) =p(hilk,p)?) ]
50 -
e T. Tatsuno found the cascade - -2
along the (k, p) diagonal in his 20 Ll 25
2D GK DNS 10
[Tatsuno et al. 2009, PRI. 103, 015003;

more detail in arXiv:1003.3933] 5

1 2 5 10 20 50 100



Entropy Cascade

P

ysics,

xford

* The cascade 1s now in phase space, involving both position and

* Kolmogorov-style constant-flux argument gives

10°
107
102
107
107
107
10®
1077
10°®

spectrum of ¢ ~

spectrum of i, ~k
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velocity, because entropy must get to small scales in velocity
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* 2D GK DNS by T. Tatsuno confirm these scalings

[Tatsuno et al. 2009, PRI. 103, 015003; more detail in arXiv:1003.3933]
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Entropy Cascade (stics,,

* The cascade 1s now in phase space, involving both position and
velocity, because entropy must get to small scales in velocity
* Kolmogorov-style constant-flux argument gives

spectrum of i, ~k

spectrum of ¢ ~

~10/3
ke,

—4/3

1

PPCF 50, 124024 (2008)

* 2D GK DNS by T. Tatsuno confirm these scalings
[Tatsuno et al. 2009, PRI. 103, 015003; more detail in arXiv:1003.3933]

e It 1s attractive to think of this as
a universal theory of sub-Larmor
turbulence and, for example,
attribute to it the sub-Larmor
scalings seen in 3D GK DNS

of tokamak turbulence by
by Gorler & Jenko (2008)

= |

]

(1% (T e

1
i F
I ¥
10! fo==

i
i
1o
1o

[Gérler & Jenko (2008);
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Entropy Cascade (stics,

* The cascade 1s now in phase space, involving both position and
velocity, because entropy must get to small scales in velocity

* Kolmogorov-style constant-flux argument gives
—4/3

—

spectrum of i, ~k

~10/3
spectrum of ¢ ~ k|

PPCF 50, 124024 (2008)

* 2D GK DNS by T. Tatsuno confirm these scalings
[Tatsuno et al. 2009, PRI. 103, 015003; more detail in arXiv:1003.3933]

* G. Plunk has developed a ful Kolmogorov-style theory for the 2D
version of this turbulence, complete with third-order exact laws,

direct and inverse cascades, scalings in phase space etc.
[Plunk et al. 2010, JFM 664, 407]
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* Kolmogorov-style constant-flux argument gives
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* 2D GK DNS by T. Tatsuno confirm these scalings
[Tatsuno et al. 2009, PRI. 103, 015003; more detail in arXiv:1003.3933]

* G. Plunk has developed a ful Kolmogorov-style theory for the 2D
version of this turbulence, complete with third-order exact laws,

direct and inverse cascades, scalings in phase space etc.
[Plunk et al. 2010, JFM 664, 407]

* Dissipation scale
in phase space
(ct. Kolmogorov
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* The cascade 1s now in phase space, involving both position and
velocity, because entropy must get to small scales in velocity
* Kolmogorov-style constant-flux argument gives

spectrum of i, ~k

—

—10/:
spectrum of ¢ ~ k|

—4/3
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PPCF 50, 124024 (2008)

* Just last week a PRL by E. Kawamori came out claiming a laboratory
measurement that confirms the entropy cascade:
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Linear vs. Nonlinear (GK) Phase Mixing (Qy

NONLINEAR
olk,=5, k,=5) e® - i gos
. &y m 57
ﬁﬁ%t _itﬁ___é‘"‘af_ﬁ-——-slg.'.‘{i !
OV | . N 1 Iy
Uthi kJ_cPi
1

Do = >1

ViiTp; characteristic
time at the 1on
gyroscale

Since cascade is nonlinear,
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turnover time (fast)
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Linear vs. Nonlinear (GK) Phase Mixing (Qy

NONLINEAR
= ﬁ.ﬁ/ﬁ (ﬁ/f
0V ¢ 1 D3/

Uthi kLch‘

1
Do = >1

Vii Tpi characteristic
time at the 1on
gyroscale

Since cascade i1s nonlinear,

MIXINg OCCurs in one
turnover time (fast)
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after one turnover time
if “critical balance” holds,
so linear phase mixing is slow



So How Do MHD and GK Tie Together? (Q;fcf

., OB Gyrokinetics is valid (almost) everywhere

As £ / /<< k,
the cyclotron frequency

is only reached deep

in the dissipation range

NS\

energy
injected
collisional collisionless
(fluid) (kinetic) -
l k||/\111fp ~ 1 k.L/)i ~ 1 /'\'ﬂ'_x_/)(; ~ 1
L

v

&
w

A = GYROKINETICS

FLLUID THEORY ApdJS 182, 310 (2009)
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Gyrokinetics: Long-Wavelength Limit (B

>

NS\

ki pi < 1 RMHD strictly valid

0 ) 2 a -2 2
for Alfvén waves. z;Vi®H{®, V12 =vag-V1U+{¥,V] ¥}
ov 0P

o & U=vag-

[Strauss 1976, Phys. Fluids 19, 134
k5/3,3/22

Alfvéénic fluctuations
are niot Landau damped
(no éaraﬂel electric field)
and do not know about collisions
because they are Maxwellian.

So it’s all like in MHD

(see Boldyrev’s lecture).

k||/\1nfp ~ 1 kl/)i ~ 1 kl/)‘f ~ 1

v

= GYROKINETICS

FLLUID THEORY ApdJS 182, 310 (2009)
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Gyrokinetics: Long-Wavelength Limit (Qy

SB k1 p; < 1 RMHD strictly valid

a_, , d_, ;
for Alfvén waves: 7;V12+{®,V12}=vam-VIU+{¥, V] ¥}

ov . oP
E%—{‘I’,\If} :vAa_Z

[Kadomtsev & Pogutse 1974,
Sov. Phys. JETP 38, 283]

> 1-5/3,3/2?

Alfvéénic fluctuations
are not Landau damped

energy ,
.. (no parallel electric field)
ln]eCted and do not know about collisions
becaiuse they are Maxwellian. , ,
So it’s all like in MHD
(see Boldyrev’s lecture). \ ‘
1 k” /\1'1'1fI) ~ 1 'IC_Lpi ~ 1 k'LpC ~1
L

<
w

A = GYROKINETICS

FLLUID THEORY ApdJS 182, 310 (2009)
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Gyrokinetics: Long-Wavelength Limit q%

k1p < 1

compressive fluctuations are passive and kinetic
(ask me later!)

>

fe—3/3,3/27

NS\

Compressive fluctuations
do not seem to be L.andau

cner
. tg{l damped, even though one
ijecte might think they ought to be
(a bit of a puzzle,
A. Kanekar, work in progress)
! B Amtp ~ 1 kipi~1  Kipe~ld
L

v

&
w

A = GYROKINETICS

FLLUID THEORY ApdJS 182, 310 (2009)
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Gyrokinetics: Short-Wavelength Limit (Pysics,

y OB Alfvén waves kipi>1, kipe <1:

+compressive fluctnations turbulence of

Kinetic Alfvén Waves

>

5/3,3/27
k- KAW

k—1/3,-2/3?

NS\

Cﬂ@fgy
injected s
l k[|/\111fp ~ 1 k-‘_/)i ~ 1 /‘\‘I’_{_/)(f ~ 1
L' »
‘ = GYROKINETICS

FLLUID THEORY ApdJS 182, 310 (2009)
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Gyrokinetics: Larmor-Scale Transition (stics,

>

NS\

Altvén waves

fe—3/3,3/27

+compressive fluctuations

KAW
k—1/3 ~2/37
energy ton Landau
nj ' electron
imjeted anping k73832 andan
damping
v ) ;
l k||/\111fp ~ 1 k.L/)i ~ 1 /'\'ﬂ'_x_/)(; ~ 1
L
. - GYROKINETICS
FI.UID THEORY ApdJS 182, 310 (2009)
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Gyrokinetics: Larmor-Scale Transition (stic&

. OB Alfvén waves
+compressive fluctuations
E¢ O
()
) k13, KAW
C J-1/3.-2/3?
: : —4/3
en rg}; 1on Landan K electron
injecte damping E N\ 8 andan
cascade  "\N. damping
l k”/\mfp ~ 1 k_L/)'i ~ 1 kipi~ (V’i'iTPi)_S/S
L

& »
w »

A = GYROKINETICS

FLLUID THEORY ApdJS 182, 310 (2009)
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, OB Alfvén waves

+compressive fluctuations

>

J;

NS\

Cnergy 1om L iandau

The free energy

invariant splits
into these different bits

KAW

injected

dgmping

Entropy

cascade

N

Electron
entropy

cascade

NL kipi ~(vuN

l k'.H/\lllfp ~ 1 k‘_[_/).i
L

Lon

heating

The splitting of the cascade at the ion gyroscale
determines relative heating of the species

\—3/5

H

Electron
heating

ApJS 182, 310 (2009)



Larmor Transition: 3D GK DNS (by G. Howes)

. OB Alfvén waves
+compressive fluctuations

KAW

10 E 1 T T 1 T ]l :
- Numerical:
I3 Dissipatiod 8/6677"0”
i \ Landau
0.1 ¢ .
N N damping
1072 &=
B, kipi~ 1 kips~ (viry)~%
103 & ﬁi_ 1.0 —= L i 1 Pi (VnTp..,-)
= T,/T,= 1.0 | ;
104 1 1 1 1 1 ll 1 1 L L | 1 ; ll
1 10
k.p,

[Howes et al. 2008, PRI 100, 065004 ApdJS 182, 310 (2009)



Sub-Larmor Cascade: 3D GK DNS (by G. Howes)

A 53 Alfvén waves

+compressive fluctuations

J;

o Landan
! amping
0.1
102 b
10-3 liT_L,

Bi=1 [Howes et al. 2011,
. T,/T.=1 PRI.107,035004] |
. 10 102

. ApJS 182, 310 (2009)
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KAW Fluctuations (Pysics,

Start with GK, consider the scales such that kipi > 1, kipe <1
This is not a very wide interval, but an important one:

my;
— ~ 49
me

(answer to the general question of life, Universe and everything)

ApJS 182, 310 (2009)
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KAW Fluctuations q?

ysics,

Start with GK, consider the scales such that kipi > 1, kipe <1

O This 1s the anisotropic version of EMHD
—=v4(1+Z/7)b- VP, [Kingsep ez al. 1990, Ren. Plasma Phys. 16, 243],
‘()I which is derived (for ,>>1) by assuming
d_q) — VA bh-v ( 2v72 \I/) magnetic field frozen into electron fluid and
o 2+ 3; (1 +Z / 7-) Piv 1 doing a RMHD-style anisotropic expansion:
' OB c
- —_—=— V x x B) x B
b-V = 2 - 1 {¥,...} ot 4reng, [(V ) ]
0z va ) .
B 1. o o,
) - —=—ixV, U+2—
one _Zep 2 ®  Bolzmann ions Bo  va Bo

0B _ Pi (1 +§) Leg _ ﬁ(l +£) ¢ pressure balance
By 2 ' |

5 PP —8p; — 8p. = —Tp;dn; — To.on,.
¢ 2 pV1Y .
Hlje = Vid=——% no parallel ion current
4meng, B;

[lons more or less an immobile

neutralising background] ApdJdS 182, 310 (2009)
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Kinetic Alfvén Waves [Physicsw

Start with GK, consider the scales such that kipi > 1, kipe <1

%_?:\, A(1+Z/7)b- V&, Linear wave solutions:

O Vi " A | 1+Z/7 ) )
_— : AVER! w ==, . k1 pik\va
o = am (e Y LY \/ 2+, (1+2/r)

'Bo = Boz . . .
5B () NEn@® ° Right-hand elliptically polarized
= ! y ° 6E ~r k i ¢ X k_l_ 5B
. * andau-damped
& X k1 7z x ki
"
k;

ApdS 182, 310 (R009)



Kinetic Alfvén Waves
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Start with GK| consider the scales such that

8_\11—1»
o 4

0P

E:_2+,B,-(1+Z/T)
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(1+Z/7)b-V,

b-V (pfViVT)

SR
5 )

a Lo

il |||-|_|,|_ill Lil

10-% 10#% 0.1

k o

1 inear wave solutions:
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w:i\/
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ApdJS 182, 310 (2009)
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KAW Turbulence [Physics,,

Start with GK, consider the scales such that kipi > 1, kipe <1

ow

—- =Va (1+2/7)6-V®, Linear wave solutions:

8@ VA B 2 , 1+Z/T 1 .
—_— . Vo w w ==L - ]\_Lp/\ VA
or — 2+ (1+Z/7) V(piVi¥) \/2+,.3,- (1+z/7) I

e There 1s a cascade of IKAW,
5B||/BO ~®/pvg~k V/vyg ~ 0B, /By

* Critical balance + constant flux argument a la K41/GS95 give

—7/3 - - : ,1/3
k| /3| spectrum of magnetic field with anisotropy kyj~ k|
[Biskamp et al. 1996, PRL. 76, 1264; Cho & Lazarian 2004, .Ap] 615, 1.41]

* Electric field has kll/ ’ jpectrum because dF ~ k| ¢p x k0B

* Recent modification of the theory by Boldyrev amends the

spectrum to kIS/ 3| by restricting cascade to 2D sheets [arXiv:1204.5809]

* NB: none of this takes into account Landau damping




Sub-Larmor Cascade: 3D GK DNS (by G. Howes)

A 53 Alfvén waves

+compressive fluctuations

J;

o Landan
! amping
0.1
102 b
10-3 liT_L,

Bi=1 [Howes et al. 2011,
. T,/T.=1 PRI.107,035004] |
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Sub-Larmor Cascade: 3D GK DNS (by G. Howes)

1. Power law spectra all the way
to electron gyroscale despite
electron .andau damping
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Sub-Larmor Cascade: 3D GK DNS (by G. Howes)

1. Power law spectra all the way
to electron gyroscale despite
electron L.andau damping

2. Strong turbulence, but linear
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Sub-Larmor Cascade: 3D GK DNS (by G. Howes)

0.1

10-2

10-3

104

10-8

6f=1

[Howes etal. 2011, i}
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1. Power law spectra all the way
to electron gyroscale despite
electron L.andau damping

2. Strong turbulence, but linear
KAW relationships between
fluctuating fields survive

3. lons are heated via entropy

cascade at collisional scale,
even though ion LLandau damping
is at ion gyroscale



Sub-Larmor Cascade: 3D GK DNS (by G. Howes)
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1. Power law spectra all the way
to electron gyroscale despite
electron L.andau damping

2. Strong turbulence, but linear
KAW relationships between
fluctuating fields survive

3. lons are heated via entropy

cascade at collisional scale,
even though ion LLandau damping

is at ion gyroscale

4. Magnetic spectrum ~ 'Ii"J__Q'S
which 1s steeper than KAW
standard result —7/3 (perhaps
closer to Boldyrev’s —8/3)

and in close agreement with
solar wind data




Sub-Larmor Cascade: Solar Wind (Pm};fcsd

P(k)/P, [nT* km]
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[Alexandrova et al. 2009, PRI. 103, 165003]
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1. Power law spectra all the way
to electron gyroscale despite
electron L.andau damping

2. Strong turbulence, but linear
KAW relationships between
fluctuating fields survive

3. lons are heated via entropy

cascade at collisional scale,
even though ion LLandau damping
is at ion gyroscale

—2.8
4. Magnetic spectrum ~ k n
which 1s steeper than KAW

standard result —7/3 (perhaps
closer to Boldyrev’s —8/3)
and in close agreement with
solar wind data




Sub-Larmor Cascade: Solar Wind (Pm};fcsd
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1. Power law spectra all the way
to electron gyroscale despite
electron L.andau damping

2. Strong turbulence, but linear
KAW relationships between
fluctuating fields survive

3. lons are heated via entropy

cascade at collisional scale,
even though ion LLandau damping

is at ion gyroscale

—2.8
4. Magnetic spectrum ~ k n
which 1s steeper than KAW

standard result —7/3 (perhaps
closer to Boldyrev’s —8/3)
and in close agreement with
solar wind data




xford
Conclusions [Physicsm

* Kinetic turbulence is a free-energy cascade in phase space
towards collisional scales
* Gyrokinetics is a good approximation for magnetised turbulence
* In gyrokinetic turbulence, a fast nonlinear perpendicular
phase-mixing mechanism allows small-scale structure to emerge
simulataneously in physical and velocity space (" entropy cascade”)
* We still need to understand how linear (| |) and nonlinear (1)
phase mixing compete/coexist
* The free energy cascade splits into various channels:
AW + compressive above ion gyroscale (" inertial range ")
KAW + entropy cascade below ion gyroscale (" dissipation range )
* The splitting at the 10on gyroscale determines the relative heating
of the two species =P energy partition
e Structure of kinetic cascades (IKAW turbulence, entropy cascade,

compressive cascade) 1s interesting in its own right (and measurable!)
AAS et al. 2008, PPCF 50, 124024 [arXiv:08006.1069]
AAS et al. 2009, Astrophys. |. Suppl. 182, 310 [arXiv:0704.0044]
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